Teleportation and measurement

P. Busch^a, G. Cassinelli^{b,1}, E. De Vito^c, P. Lahti^d and A. Levrero^e

aDepartment of Mathematics, University of Hull^2 bDipartimento di Fisica, Università di Genova, I.N.F.N., Sezione di Genova, Via Dodecaneso 33, 16146 Genova, Italy^3 cDipartimento di Matematica, Università di Modena, via Campi 213/B, 41100 Modena, Italy and I.N.F.N., Sezione di Genova, Via Dodecaneso 33, 16146 Genova, Italy^4 dDepartment of Physics, University of Turku, 20014 Turku, Finland^5 eDipartimento di Fisica, Università di Genova, I.N.F.N., Sezione di Genova, Via Dodecaneso 33, 16146 Genova, Italy^6

Abstract

We give a description of the teleportation of an unknown quantum state which takes into account the action of the measuring device and manifestly avoids any reference to the postulate of the state vector collapse.

Key words: Teleportation, Quantum theory of measurenment PACS: 03.65.Bz, 03.67.Hk

1 Introduction

In 1993, Bennett et al. [1] introduced the novel idea of teleporting a state of a quantum system from Alice to Bob using an auxiliary system shared by Alice and Bob. The first experimental implementations of this idea were reported

1 Corresponding author. Tel. +39 010 3536397, Fax +39 010 313358 2 E-mail: p.busch@maths.hull.ac.uk 3 E-mail: cassinelli@genova.infn.it 4 E-mail: devito@unimo.it 5 E-mail: pekka.lahti@utu.fi 6 E-mail: levrero@genova.infn.it

Preprint submitted to Elsevier Preprint 4 May 2001 by Boschi et al. [2], Bouwmeester et al. [3], and Furusawa et al. [4]. In all of these papers the justification of teleportation is based on three very different assumptions: the existence of EPR states, the collapse of the wave function after the measurement and the exchange of classical information from Alice to Bob.

The existence of EPR states follows directly form the linearity of quantum mechanics; it was verified in the last two decades by many experiments, see for example [5] and [6]. The collapse of the wave function after a measurement is not a consequence of quantum mechanics, it is an extra assumption that gives rise to many conceptual problems, for a review see [7] or the recent paper [8]. The exchange of classical information is a well-known phenomenon in everyday life, nevertheless, if quantum mechanics is a general description of the world, as we believe, one has to be able to explain the teleportation using only a quantum language.

In this Letter we show that teleportation can be achieved by means of two suitable unitary transformations U and W acting on the states. The first, U, represents a Bell-state premeasurement, carried out by Alice on her pair of particles 1 and 2, which produces a superposition of four orthogonal entangled (EPR) states. The second operation, W , represents a measurement that allows Bob to change the state of his particle 3 into an identical copy of the (unknown) input state of particle 1. In the experiment of Furusawa et al. [4], the system is a single mode of an electromagnetic field, U is realized by a measurement of the quadratures performed by Alice and W by a linear displacement of the quadratures performed by Bob according to the result of the Alice measurement. Our analysis proves that this experiment constitutes evidence of teleportation without the need of any extra assumption. In the other two experiments cited above the system is the polarization degree of freedom of a light beam, only the first transformation is performed while the second is omitted. This leaves the total system in an entangled state, with Bob’s photon potentially being in one of four states with equal probability. Hence one may be tempted to conclude that ”...teleportation is successfully achieved, albeit only in a quarter of the cases”, [3],[9]. However, this conclusion rests on the problematic projection postulate in that the mixed state of Bob’s photon is interpreted as a classical mixture. As we will show, there is no evidence of successful teleportation if the projection postulate is not assumed.

Concrete proposals to perform unitary teleportation can be found in [10], [11] and [12], and the second one has been realised in an experiment, [13].

The use of the collapse postulate in the teleportation scheme was already criticized by Motoyashi et al. [14]. These authors proposed a teleportation scheme based on a conservation law -type of an explanation of the nonlocal EPR correlations. In view of the difficulties with the so-called common cause explanations of the EPR problem, see [15] for details, we do not follow here the ideas presented in [14].

To simplify the exposition, we consider two level systems, such as spin^1_2 systems, as already discussed by Bennett et al. [1]. In the next section we give a description of teleportation using unitary transformations.

2 Teleportation

We consider three spin^1_2 systems S_1, S_2, and S_3, with the associated Hilbert spaces H_1 = H_2 = H_3 = C^2 . Fix the unit vectors |+⟩ = (1, 0) and |−⟩ = (0, 1) in C^2 ; we write |±⟩_i ∈ H_i whenever we wish to emphasize that the vectors in question are elements of the Hilbert space H_i, i = 1, 2, 3. The Bell basis of C^2 ⊗ C^2 is defined as

Ψ^± = 1 √ 2 (|+⟩|−⟩ ± |−⟩|+⟩), Φ^± = 1 √ 2 (|+⟩|+⟩ ± |−⟩|−⟩),

where the tensor product of vectors is simply written as ϕΨ.

The system S_1 is initially in a vector state ϕ = a|+⟩_1 +b|−⟩_1 (with |a|^2 +|b|^2 = 1), which is to be teleported to the system S_3. To achieve this, S_2 and S_3 are prepared initially in the entangled state Ψ^−_{23}. Then S_1 + S_2 + S_3 is initially in the product state ϕΨ^−_{23}.

To teleport the state ϕ of S_1 to S_3, the Bennett et al. [1] protocol requires performing a Bell state measurement on S_1 + S_2, that is, a measurement of an observable A_{12} with its simple eigenvectors given by the Bell basis Ψ^±_{12}, Φ^±_{12}.

In our analyis of the interaction between the system and the measuring probe in the context of quantum mechanics we use the notion of premeasurement [16,17]. Let H_0 be the Hilbert space of the measuring probe S_0. Since the probe must have four orthogonal indicator states corresponding to the eigenvectors Ψ^±_{12}, Φ^±_{12}, one can assume that H_0 = C^4 . Let η be the initial vector state of the probe, and let {η_1, η_2, η_3, η_4} be a fixed basis of H_0. One can prove [16] that the most general measurement interaction between S_1 + S_2 and the probe is given by a unitary operator U : H_0 ⊗ H_1 ⊗ H_2 → H_0 ⊗ H_1 ⊗ H_2 of the form

U(ηΨ^+) = η_1χ_1 U(ηΨ^−) = η_2χ_2 U(ηΦ^+) = η_3χ_3 U(ηΦ^−) = η_4χ_4,

where χ_i are four unit vectors in H_1 ⊗ H_2. The choice χ_1 = Ψ^+, χ_2 = Ψ^−, χ_3 = Φ^+, χ_4 = Φ^− corresponds to a von Neumann-Lüders measurement.

Adopting this description, the state of the system and the probe after the measurement is

(U ⊗ I_3)(ηϕΨ^−_{23}) = 1 2 η_1χ_1ϕ_1 + 1 2 η_2χ_2(ϕ_2) + 1 2 η_3χ_3ϕ_3 + 1 2 η_4χ_4ϕ_4,

where we have used the notations

ϕ_1 := −a|+⟩ + b|−⟩, ϕ_2 := −ϕ, ϕ_3 := a|−⟩ − b|+⟩, ϕ_4 := a|−⟩ + b|+⟩. Since the vector state (U ⊗I_3)(ηϕΨ^−_{23}) is entangled, the (reduced) states of the systems S_i are not vector states but mixed states represented by the following density operators:

T^f_0 = 1 4 P [η_1] + 1 4 P [η_2] + 1 4 P [η_3] + 1 4 P [η_4] = 1 4 I_0,

T^f_3 = 1 4 P [ϕ_1] + 1 4 P [ϕ] + 1 4 P [ϕ_3] + 1 4 P [ϕ_4] = 1 2 I_3,

T^f_{12} = 1 4 P [χ_1] + 1 4 P [χ_2] + 1 4 P [χ_3] + 1 4 P [χ_4],

T^f_{012} = 1 4 4∑ i,j=1 ⟨ϕ_i, ϕ_j⟩ |η_iχ_i⟩⟨η_jχ_j | T^f_{123} = 1 4 P [χ_1ϕ_1] + 1 4 P [χ_2ϕ] + 1 4 P [χ_3ϕ_3] + 1 4 P [χ_4ϕ_4],

where P [ξ] denotes the projection on the one dimensional space generated by the unit vector ξ. We note that the mixed states T^f_0 and T^f_3 are completely unpolarized.

It is important to realize that it is inconsistent to interpret the state T^f_3 as a classical mixture of its component vector states ϕ_1, ϕ_2 = −ϕ, ϕ_3, ϕ_4. Such an ignorance interpretation is incompatible with the pure nature of the entangled total state (U ⊗ I_3)(ηϕΨ^−_{23}) of system plus probe. Although this crucial point has been known for many years, see, e.g., the classic analysis of d’Espagnat [18], it is frequently ignored in the discussion of experiments involving entanglement (for a notable recent exception in the context of teleportation, see [19]). In fact the EPR experiment itself can be taken as a demonstration of the inadmissability of the ignorance interpretation for the reduced mixed states, cf., e.g., [7]. Formally, this phenomenon is reflected in the fact that the decomposition of a mixed state into vector (or pure) states is never unique (for a full analysis, see e.g. [20]).

The same remarks apply to the reduced state T^f_0 of the probe, leading to the objectification problem, that is, the impossibility of explaining within quantum mechanics the occurrence of definite outcomes as a result of the measurement, represented by the appearance of one of the possible indicator states η_i. As is generally acknowledged, this problem constitutes a serious challenge to the view of quantum mechanics as a consistent and universal theory. The commonly accepted, pragmatic way of dealing with it is the application of the collapse postulate. While this seems good for (almost) all practical purposes in the discussion of most experiments, we hope the above remarks serve as a reminder of the fundamental inconsistency of such an approach.

It follows that after the premeasurement U the state of S_3 is T^f_3 , and this state yields no evidence of quantum teleportation as can be seen by computing the fidelity, tr ( P [ϕ]T^f_3 ) = 1 2 .

It is only when the collapse is postulated that one can conclude that “teleportation is successfully achieved ... in a quarter of the cases.”

However, if the Bell state premeasurement U is followed by another unitary operation W , which models the classical communication and ensuing manipulation of S_3, then the collapse postulate can be avoided, thus bypassing the objectification problem.

This final step consists of a rotation of the state of system S_3 depending on the result of the previous measurement. Since the probe is itself a quantum system, we can model this conditional manipulation based on a classical information transfer as another premeasurement performed on the system S_0 +S_3 by means of a unitary operator W : H_0 ⊗ H_3 → H_0 ⊗ H_3,

W (η_1|+⟩) = −η_1|+⟩ W (η_1|−⟩) = η_1|−⟩ W (η_2|+⟩) = −η_2|+⟩ W (η_2|−⟩) = −η_2|−⟩ W (η_3|+⟩) = −η_3|−⟩ W (η_3|−⟩) = η_3|+⟩ W (η_4|+⟩) = η_4|−⟩ W (η_4|−⟩) = η_4|+⟩

In doing so, there is no need to account for the actual occurrence of a result, and the objectification problem is circumvented. Regarding W as a linear transformation on H_0 ⊗ H_1 ⊗ H_2 ⊗ H_3 in a natural way, one obtains the final state W ( U(ηϕΨ^−) ) = 1 2 (η_1χ_1 + η_2χ_2 + η_3χ_3 + η_4χ_4)ϕ.

The (reduced) state of the system S_3 is now the vector state ϕ, which has been teleported with 100% efficiency from the system S_1 to S_3.

We note that since U and W are unitary operators, they can be realized (at least theoretically) by suitable quantum Hamiltonians.

In order to highlight the difference between our approach and the ones based on the projection postulate, we modify slightly the form of W . We define a unitary transformation W_θ (with θ ∈ [0, 2π)) in such a way that it is equal to W save that W_θ(η_2|+⟩) = −e^{iθ}η_2|+⟩.

A simple calculation shows that

W_θ ( U(ηϕΨ^−) ) = 1 2 (η_1χ_1 + η_3χ_3 + η_4χ_4)ϕ + 1 2 η_2χ_2ϕ_θ, ϕ_θ = (e^{iθ}a|+⟩ + b|−⟩), and the final reduced state of S_3 is now

T^f_3 (θ) = 3 4 P [ϕ] + 1 4 P [ϕ_θ],

If θ ≠ 0, a ≠ 0, and b ≠ 0, then T^f_3 (θ) is a mixed state different from the pure state P [ϕ], so that, without the collapse assumption or ignorance interpretation, there is no teleportation. Nevertheless, in the limit θ → 0, we have ϕ_θ → ϕ, and so T^f_3 (θ) continuously approaches P [ϕ], thus leading to perfect teleportation upon reaching θ = 0. By contrast, if one accepts the projection postulate, one could say that the probe collapses into one of the four states η_1, . . . , η_4, each of them corresponding to a definite value of the measurement, and, performing a coincidence detection, one could say that S_3 is found in the exact target state ϕ in 75% of the cases. In doing so one has to face the fact that, in the limit θ → 0, the rate of correct target states [successful perfect teleportations] jumps from 75% to 100%; this fact contrasts with the common understanding that Nature is continuous with respect the variation of parameters such as θ. It is interesting to observe that the teleportation fidelity, being a statistical measure, cannot distinguish between the two interpretations of T^f_3 (θ) (a) as a quantum mixed state – in which case one can speak of approximate teleportation as θ → 0, and (b) as a classical mixture – in which case there is perfect teleportation in 75% of the cases. In either case, the fidelity is tr ( P [ϕ]T^f_3 (θ) ) . Nevertheless this does not justify the conclusion that the two approaches are physically equivalent.

Finally we note that, in our approach, the coincidence detection can be simply interpreted as a measurement of the observable (with possible outcomes 0 and

1) on H_0 ⊗ H_3

A = P [η_1ϕ] + P [η_3ϕ] + P [η_4ϕ].

Indeed, if we regard A in a natural way as operator on H_0 ⊗ H_1 ⊗ H_2 ⊗ H_3, we have that ⟨W_θ ( U(ηϕΨ^−) ) |A|W_θ ( U(ηϕΨ^−) ) ⟩ = 3 4 .

3 Conclusion

We have given a measurement theoretical description of the teleportation of an unknown quantum state which takes into account the action of the measuring device and manifestly avoids any reference to the state vector collapse postulate. The teleportation process can be described as a measurement whose outcome is certain; equivalently the process is realized by the action of a unitary map. In other words, teleportation can be carried out as a deterministic process and hence does not require stochastic (or quantum) jumps in the sense expressed by the collapse postulate.

References

[1] C.H. Bennett, G. Brassard, C. Crépeau, R. Jozsa, A. Peres, W. Wootters, Phys.

Rev. Lett. 70 (1993) 1895-1899.

[2] D. Boschi, S. Branca, F. De Martini, L. Hardy, S. Popescu, Phys. Rev. Lett.

80 (1998) 1121-1125.

[3] D. Bouwmeester, J.-W. Pan, K. Mattle, M. Eibl, H. Weinfurter, A. Zeilinger, Nature 390 (1997) 575-579.

[4] A. Furusawa, J. Sørensen, S. Braunstein, C. Fuchs, H. Kimble, E. Polzik, Science 282 (1998) 706-709.

[5] A. Aspect, J. Dalibard, G. Roger, Phys. Rev. Lett., 49 (1982) 1804-1807.

[6] G. Weichs, T. Jennewein, C. Simon, H. Weinfurter, A. Zeilinger, Phys. Rev.

Lett., 81 (1998) 5039-5043.

[7] P. Busch, P. Lahti, P. Mittelstaedt, The Quantum Theory of Measurement, 2nd revised edition, LNP m2, Springer Verlag, 1996.

[8] T. Leggett, Physics World, December 1999, 73-77.

[9] The reasons for omitting the second operation are different in the two cases: it would be possible in principle to carry out this step in the experiment of Boschi et al, while in the Bouwmeester et al experiment the Bell state measurement is not perfect but leaves unwanted vacuum contributions in addition to the Bell states, so that the final detection necessarily destroys the teleported state; for details, see the exchange between S. Braunstein and H.J. Kimble, and D. Bouwmeester et al, Nature 394 (1998) 840-841.

[10] G. Brassard, S.L. Braunstein, R. Cleave, Physica D 120 (1998) 43-47.

[11] S.L. Braunstein, Physical Review A 53 (1996) 1900-1903.

[12] T.C. Ralph, Optics Letters 24 (1999) 348-358.

[13] M.A. Nielsen, Knill E., R. Laflamme, Nature 396 (1998) 52-55.

[14] A. Motoyoshi, K. Yamaguchi, T. Ogura, T. Yoneda, Prog. Theor. Phys. 97 (1997) 819-824.

[15] B. van Fraassen, Synthese 52 (1982) 25-38. For a more extensive discussion of this topic, see B. van Fraassen, Quantum Mechanics: an empiricist view, Clarendon Press, 1991.

[16] E. Beltrametti, G. Cassinelli, P. Lahti, J. Math. Phys. 31 (1990) 91-98.

[17] A. Peres, Phys. Rev. D 22 (1980) 879-883.

[18] B. d’Espagnat, Conceptual Foundations of Quantum Mechanics, Benjamin, Addison-Wesley, 1971.

[19] P. Kok, S.L. Braunstein, Phys. Rev. A 61 (2000) 042304. These authors refer to the erroneous application of the ignorance interpretation as the “partition ensemble fallacy”, which they discuss in connection the interpretation of the imperfect Bell state measurement of the Bouwmeester et al experiment, cf. our note [9].

[20] G. Cassinelli, E. De Vito, A. Levrero, J. Math. Anal. Appl., 210 (1997) 472-483.