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Abstract

Recently, shearlet groups have received much attention in connection with shearlet trans-
forms applied for orientation sensitive image analysis and restoration. The square integrable
representations of the shearlet groups provide not only the basis for the shearlet transforms
but also for a very natural definition of scales of smoothness spaces, called shearlet coorbit
spaces. The aim of this paper is twofold: first we discover isomorphisms between shearlet
groups and other well-known groups, namely extended Heisenberg groups and subgroups
of the symplectic group. Interestingly, the connected shearlet group with positive dilations
has an isomorphic copy in the symplectic group, while this is not true for the full shearlet
group with all nonzero dilations. Indeed we prove the general result that there exist, up
to adjoint action of the symplectic group, only one embedding of the extended Heisenberg
algebra into the Lie algebra of the symplectic group.

Having understood the various group isomorphisms it is natural to ask for the relations
between coorbit spaces of isomorphic groups with equivalent representations. These con-
nections are examined in the second part of the paper. We describe how isomorphic groups
with equivalent representations lead to isomorphic coorbit spaces. In particular we apply
this result to square integrable representations of the connected shearlet groups and meta-
plectic representations of subgroups of the symplectic group. This implies the definition of
metaplectic coorbit spaces.

Besides the usual full and connected shearlet groups we also deal with Toeplitz shearlet
groups.
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1 Introduction

The shearlet transform was originally developed in the inaugural paper [27]. Among other
transforms applied in the analysis of directional information, the continuous shearlet transform
stands out because it is related to group theory, i.e., it can be derived from square integrable
representations of the so-called shearlet group [7]. Recently, the shearlet transform and its
modifications have found wide applications in the analysis and restoration of images, see, e.g.,
[19) 201 211, 23] 24]. Further, the shearlet group and its square integrable representations give
rise to a natural scale of smoothness spaces, so-called shearlet coorbit spaces [0, [8, 0] which
can be considered as a special example of general coorbit spaces introduced by Feichtinger and
Grochenig [12] 13} [14]. An overview of recent developments on shearlets can be found in the
book [26]. On the other hand, other groups such as the Heisenberg group or the symplectic
group have been playing an important role in harmonic analysis, linear algebra and signal and
image processing for a long time. In particular, the Heisenberg group is one of the basic tools
for the mathematical foundation of the short-time Fourier transform, see [I3| [I7] for details.
For the symplectic group we refer to [2, [3] 4] and references therein.

In this paper we ask for relations between the different groups and the corresponding coorbit
spaces. In particular, we discover isometries of the connected shearlet group and its relatives to
extended Heisenberg groups and subgroups of the symplectic group. Interestingly such results
do not hold true for the full shearlet group. We show that isomorphic groups with equivalent
representations give rise to equivalent coorbit spaces.

Organization of the paper: In Section2lwe discover isomorphisms between shearlet and Toeplitz
shearlet groups and other well-known groups. We show that the full and connected shearlet
groups are isomorphic to full and connected extended Heisenberg groups, respectively. Further,
we prove that the connected shearlet group is isomorphic to a subgroup of the symplectic group,
which holds also true for the connected Toeplitz shearlet group. Section [B] deals with the full
shearlet group. We show that it is not possible to embed this group into the symplectic group
or in any of its coverings. The proof is based on the general result that the Lie algebra of
the extended Heisenberg group can only be embedded in one way into the Lie algebra of the
symplectic group. This result stands also for its own and is presented in Section 4l Finally, in
Section [Blthe very natural relations between coorbit spaces of isomorphic groups with equivalent
representations are presented. Naturally, these coorbit spaces are also isomorphic. At the end
of Section Bl we use our findings to introduce metaplectic coorbit spaces.

2 Shearlet groups and their isomorphic relatives

In this section we show that the shearlet groups are isomorphic to extended Heisenberg groups
and that the connected shearlet group and Toeplitz shearlet group have an isomorphic subgroup
within the symplectic group.



2.1 Shearlet and Toeplitz shearlet groups

For fixed v € R (usually 0 < v < 1, eg., 7 = é, to ensure directional selectivity) and
a € R* := R\ {0} we introduce the dilation matrices

a 0
Agry = (0 sgn(a)|a|7Id_1> and Ay i=aly (1)
and for s = (s1,...,84_1)" € R? the shear and Toeplitz shear matrices
1 S1 S92 ... Sq-1
So= (L & d  T,= 0 -1 ST (2)
s «— 0 Id_l an s «— : ., .. . : .
1 S1
0 ... ... 0 1

Note that the product of two upper triangular Toeplitz matrices Ts and Ty is again an upper
triangular Toeplitz matrix Ty with

(st =8+ s+ Z sisg, i=1,...,d—1.
jtk=i
The shearlet and Toeplitz shearlet groups are defined as follows:
e The (full) shearlet group S is the set R* x R4 x (R x R4"1) with the group operation
(a,s,t) os (d',8',t) == (ad’,s + |a|'* Vs’ t + SgAgAt').
Using the notation ¢ = (¢1,£)T € R? the group law can be rewritten as

(a,s,t1,8)0s (d', 8, 14, 7) = (ad, s+|a]' s’y +ath +sgn(a@)lal"s™F, i+sgn(a)|a ¥). (3)

e The connected shearlet group St is the set RT x R¥71 x (R x R4~1) with group law (3)
reduced to positive a = |a| = sgn(a)l|al.

e The (full) Toeplitz shearlet group St is the set R* x R4~! x RY with the group operation
(a,s,t) Og (a',s',t') = (ad', st s t + A Tst'). (4)

e The connected Toeplitz shearlet group S? is the set Rt x R x R? with group law (@)
restricted to positive a.

The four groups are locally compact groups, where the left and right Haar measures of the
shearlet groups are given by
dus,(a, s, t) == W%H dadsdt and dus,(a,s,t) = % da ds dt.
see [7, 9] and of the Toeplitz shearlet groups by
dus, i(a, s, t) = 1 dadsdt and dug, ,(a,s,t)= S da ds dt,
’ a1 - a

see [0, [10] with restriction to positive dilations a for the connected groups. The connected
(Toeplitz) shearlet group is a subgroup of the the full (Toeplitz) shearlet group.



2.2 Relation to Heisenberg groups

The Heisenberg group and its polarized version are defined as follows:

e The Heisenberg group H is the set R~ x R x R%~! endowed with the group operation
(p,7@) om (P, 7, )= (p+p,7+7 +3(0"d —d"D).a+ ).

e The polarized Heisenberg group HP® is the same set R¥™! x R x R~ but with the group
operation

(p,7,q) omwort (P, 7',¢") =+ 0,7+ 7 +0"d . q+ ). (5)
These Heisenberg groups are isomorphic with isomorphism given b,
g group p p g y
¢: H—HP  (p,7,q) = (p, 7+ 3p"q,9).
This is why we usually write the Heisenberg group. If we set a = a’ = 1 in we obtain
y Yy gg
(1,s,t1,t) os (1,8, ¢, #) = (1,5 + s/, t1 +t) + s, + 1)

which looks very similar to the group law of the Heisenberg group in (H). We will show that
the shearlet group is isomorphic to an extended Heisenberg group which is equipped with a
dilation. For the general concept of group extensions we refer to [25]. We briefly recall the
notion of semi-direct product. Given a group H and a group G acting on H by automorphisms,
i.e., a smooth map 6: G x H — H is defined such that §(g, - ) is an automorphism of H, we can
extend H by G by forming the semi-direct product H x G. The multiplication and inversion
are determined by

(h,g)(W',g') = (hom 6(g,1'),goag) and (h,g)~" = (6(g" " h"),g7").

The extended Heisenberg group is the semi-direct product of the Heisenberg group H and R*,
where R* acts on H via the automorphism

62(p,7,q) = (la|'7p, a7, sgn(a)la"q), 7 >0,
for details see [22]. In other words,

e the extended Heisenberg group is defined by H, := H x R* with the group operation

(p7 7,4, a) OH, (p/a TI7 q/7 al) =
(p+ la|'* ™, T+ ar’ + %(sgn(a)\a]“/qu' — ]a\l_vqu'),q + sgn(a)la’q, aa’)
e and the extended polarized Heisenberg group by HEOI = HP°! x R* with group operation

(p,7,q,0a) Oggpol W, 7, q,d) = (p+]a\lf'yp/,T+aT'+sgn(a)\a]7qu/,q—i—sgn(a)]a\'yq/,aa').

(6)



These groups are again isomorphic with
e : He — HE,  (p,7,9,0) = (p, 7 + 3p"q, 4, 0).

Using only positive dilations we obtain the connected versions of the extended (polarized)
Heisenberg group, whose composition laws we do not write explicitly. For v = % the dilation is

symmetric in p and q. Comparing the definition of S and HP! we see that both groups coincide
up to a permutation of the variables. The same holds true for the connected group variants.
Taking further the isomorphism between the Heisenberg groups and its polarized versions into
account we can summarize:

Lemma 2.1. (Relation between extended Heisenberg groups and shearlet groups)
The following relations hold true:

H. =M =S  and HF =M =S

2.3 Relation to subgroups of the symplectic group

Let GL(d,R) denote the general linear group of real, invertible d x d matrices. The symplectic
group Sp(d, R) is the group of all matrices B € GL(2d, R) fulfilling B*JB = J for J = (_Old Ié’l ),

ie.,

Sp(d,R) := {B € R¥**2d . BT B = J}.

Let H be a closed subgroup of GL(d,R) and ¥ an additive subspace of the symmetric matrices
Sym(d,R) that is invariant under the H-action given by M ~ToM~! € ¥ for all M € H and
o € ¥. Then we know by [11] Example 3| that the semi-direct product

ExH::{(Uj\]/{I MOT>:M6H,JGE} (7)

is a subgroup of Sp(d,R). We are interested in two special groups of the form (7). The first
one is the group TDS(d) of translations, dilations and shears defined by

TDS(d) := {(dﬂj’(?a) M(S?G)T> caeRT, seR L e Rd} :

where

1
~ a2 0 =~ 1 0 ~ ~
Ay~ = , S i= ., M(s,a) := SsAq~, 8
Y < 0 aé'YId_1> (_S Id—1> (s,a) Y (8)

and o(t) belongs to the subspace of the symmetric matrices
- t1 AT d
{o(t) = o(t1,t) == | 1> 1t e R} 9)
5t 0g—1,d-1

Straightforward computation shows that the subspace (@) is indeed invariant under H-action
with matrices M (a,s).

The relation between this subgroup TDS(d) of the symplectic group and the connected shearlet
group ST is stated in the following lemma. For a proof we refer to [22] [11].



Lemma 2.2. (Relation between ST and TDS(d))

The groups ST and TDS(d) are isomorphic and the isomorphism k™ is given by
- M (s,a) 0
+. gt \9
kT: ST — TDS(d), (a,s,ti,t) — (J(tl,t)M(s,a) M(S,CL)_T> . (10)

The second interesting group of the form (7)) is the group of translations, dilations and Toeplitz
shears given by

a AT 0 + d-1 d
TDSr(d) = o V2o(T-T V2T racRT,sc R, teRY ;.

Clearly, the subspace (@) is invariant under with H-action with matrices a=V/ 271, This group
is related to the connected Toeplitz shearlet group as follows:

Lemma 2.3. (Relation between ST and TDSz(d))
+

The groups S} and TDSt(d) are isomorphic and the isomorphism k7. is given by

n n 5 a71/2TSfT 0
k7 S — TDS7(d), (a,s,ti,t) — o V2ot DT-T aV2T, )" (11)

Proof. From the group law in the Toeplitz shearlet group we know that
(a,s,t) Og+ (d',s',t') = (ad,st &' t + aTst)),
so that we have to show
Kt (a,s,t) o rt(a,s',t) = kf(ad, st st + aTst)).

The right hand side can be rewritten as

(aa’)féTfT, 0
kh(ad st st +aTst') = sts 1

(aa') 20 (1 + alty + 50,1 + aTigl') T (ad')2 Ty

stis

where [s] = (5;)9=2 € R92. For the left hand side we have

a—l/QTS—T 0 (a’)_l/QTSTT 0
<a1/2a(t1,£)TsT a1/2T8> ((a’)1/20(t'1,f')T87T (a/)1/2TS/>

(aa’)_l/szgg 0
= n—1/2 7 T.o(t PYTT\T-T ni/2p
(aa’) (o(t1,t) + aTso (t),1)TY) s (aad)) Ty

consequently, it is sufficient to show

th+ 5" S(Tgt)™ _ o (1 3@
< gt o )T fe (12)



The right hand side of (I2) is

1 s9 -+ sg.1 1
ERIE
n
o |Gt "o
1 Sd—1 S1 1
1
t _|_lST£/ l(t”/)T s t _|_lST£/_|_lST£/ l(T EI)T
:<112~/ 2 ) 1 :<1 2] v T2 2\ [s] >
51t 0 3 11st
Sd—1 . S1 1
which coincides with the left hand side of (I2)) and we are done. O

3 Embedding of the full shearlet group

In the following we want to prove that it is not possible to embed the full shearlet group into
the symplectic group Sp(2,R) or one of its covers. To show this result we pursuit the following
path: a) establish a necessary property for those continuous, injective group homomorphisms
of ST to Sp(d,R) which can be extended to S; b) show that this property is not fulfilled by
the special homomorphism x defined in (I0) nor by its conjugation or concatenations with
isomorphisms of ST; ¢) prove that in two dimensions d = 2 actually any continuous, injective
group homomorphism is given up to conjugation or concatenations with isomorphisms of ST
by the map x.

In the following S is regarded as the semi-direct product of its closed normal subgroup S* and
its finite subgroup {(£1,0,0,0)} ~ Zs. Indeed,

(_1’050,0) os (CL,S,tl,f) oS (_1’050,0) = ((Z,S, _tl’ _f)

and, clearly,
StosZs=S and StTNZy={(1,0,0,0)}.

With slight abuse of notation, we write an element of S as a pair (z, ) where z = (a, s,t1,1) € ST
and ¢ € Zs. The group operation in S becomes

(z,¢) os (2,€') = (x 0s Re2',e€’),
where R, is the group isomorphism of ST given by
R.x = R.(a,s,t,t) = (a,s,cty,et). (13)
Let e := (1,0,0,0) denote the identity of ST. Then, in particular,
(e,—1)og (x,1) = (R_1x,1) og (e,—1) (14)

and (e, 1) is the identity of S.



Lemma 3.1. An injective group homomorphism g*: ST — Sp(d,R) extends to a group homo-
morphism g: S — Sp(d,R) if and only if there exists A € Sp(d,R) such that

A2=1T and AgT(z) =g (R_1x)A (15)
for all x € ST. Under these assumptions we have for all x € ST that
g(x,1) =g (z) and g(z,~1)=g" (x)A. (16)

The extended group homomorphism g is injective.

Note that by injectivity of g* we have A # I for any A fulfilling (I5).

Proof. =: Assume that g*: ST — Sp(d,R) extends to a homomorphism g: S — Sp(d,R).
Then we have in particular g(z,1) = g™ (z) for all z € ST. We show that A := g(e, —1) fulfills
([IT). Since (e,—1) og (e,—1) = (e og+ R_1e,1) = (e,1) and g is a homomorphism we obtain
A? =1. By

(6, —1) os (m, 1) = (6 Os+ Rflx, —1) == (Rflx, 1) os (6, —1)

and the fact that g is a homomorphism we get the second equality in (I5). Finally, we conclude
since (x,—1) og (e,—1) = (z og+ R_1e,1) = (z,1), g is a homomorphism and A? = I that
gz, 1) = g (2)A.

<: Conversely, assume that there exists A € Sp(d, R) satisfying (I5]). Set

gt (z) fore =1,
g(z,e) = { N B
g (z)A fore=-1.

Then (I6]) is fulfilled by definition. Direct computation shows that g is a group homomorphism
from S into Sp(d,R).

It remains to prove the injectivity of g. By (I6]) and the invertibility of A we see that g(z,e) =
g(z',¢) implies g7 (z) = g*(2') and since g7 is injective further z = 2. If g(2/,1) = g(z, —1)
we obtain g*(z') = g*(z)A and since g is a homomorphism that g™ (z~!z') = A. Set
y:=x 12’ € ST. Since g* is a homomorphism we conclude g*(y?) = (g7 (y))? = 42 = I and
with the injectivity of ¢ that y?> = e. But this is only possible if y = e and consequently
g (y) = I = A which is a contradiction. Hence g is injective. O

We recall that a covering group of Sp(d,R) is a connected Lie group G with a surjective
continuous group homomorphism p : G — Sp(d, R) whose kernel is discrete.

Lemma 3.2. Let (G,p) be a covering group of Sp(d,R) with covering homomorphism p and
an injective continuous group homomorphism i : S — G. Then p o i is an injective group
homomorphism of S into Sp(d,R).

Proof. By definition it is clear that poi is a homomorphism. Next we have that p o3 restricted
to ST is injective by the following argument. Recall that a continuous group homomorphism
of a Lie group is always smooth. Since ST is a connected, simply connected Lie group it
is enough to prove that its tangent map at the identity (p o z)*|e is injective. Observe that
(po z)*‘e = p*|eG i*‘e. Since ¢ is injective, the same holds true for i*|e and since p is a cov-
ering homomorphism p*‘eG is injective. Thus their concatenation is injective. Now applying

Lemma BT with g7 := poi|g+ yields the assertion. O



We have shown that a special injective homomorphism from St into Sp(2,R) is given by
g = kT defined in (I0).

Lemma 3.3. For k* : ST — Sp(d,R) defined by ([I0) there does not exist A € Sp(d,R)
satisfying (ID). The same holds true for

(i) any conjugation of k, i.e., for any map kf: ST — Sp(d,R) with k5(z) := BrT(z)B~1,
B € Sp(d,R),

(i) any map rf: ST — Sp(d,R) of the form w}(x) := xT(p(x)), where ¢ is a group auto-
morphism of ST such that for all x € ST

p(R1z) = Rap(x). (17)

Proof. 1. Assume that there exists A := <f/‘ ?) € Sp(d,R) satisfying (I5)) for k™.

Since A is symplectic it holds ATJA = J and since A~! = A further A™J = JA. Hence

aT AT 0 Ig\ (" o™\ [0 Ig\{a B\ ([~ ¢
G 3) (G 0) -5 &)= (0 0) (6 5)- (0 5)

which implies § = =37, v = =" and § = a*. Thus, A = <3Q6T> with skew-symmetric
B,7. In particular, 8 and 7 have zero diagonal elements. The second condition in (I5) with
x = (1,0,t1,%) results by definition of x* in

A (dﬁ, i) 2,) - (—afi,a g) 4

and straightforward computation shows that this implies

Bo(tr,t) = 0= o(t1,1)B, (18)

a"o(ty,t) = —o(ty, t)a (19)

for all t € RY. Since 8 = —37, it has the form = (8 *AZT) with v € R and M™ = —M €

R4=1xd=1 " Choosing t := (1,0,...,0) in (I8) we see immediately by definition (@) of o that
v = 0 and using ¢t := (0,2,...,2) in (I8) that 1 € ker M. Let a = (guj’\?) with v,w € R?
and N € R¥14=1 Evaluating (I3) for ¢ := (1,0,...,0) we obtain @ = 0 and w = 0 and for

t:=1(0,2,...,2) further v™1 =0 and 1 € ker N*. In summary, the matrix A is of the form

0 oT 0 07

v N 0 M

A= 0 o7
’7 0 NT

Evidently, A is not invertible because it has a zero column.

2. (i) Assume that there exists A € Sp(d, R) satistying (If]) for some conjugation map /@E. But
then A := B~'AB € Sp(d,R) fulfills (I5]) for ™. This contradicts the first part of the proof.

(i) Finally, assume there exists A € Sp(d, R) such that Ax}(y)A™! = kF(R_1y) for all y € S*.
With y = ¢~ 1(x) we get AxT(y)A~! = kT (R_1y), which is again a contradiction. O



Lemma [3.J]and Lemma [3.3]imply that the special group homomorphism x* : St — Sp(d, R) in
(@) as well as its conjugations or concatenations with group automorphisms of ST satisfying
([[7) cannot be extended to a group homomorphism of S to Sp(d,R). For d = 2 we have the
sharper result that this holds true for all injective continuous group homomorphism g+ : ST —
Sp(2,R). The following theorem will be proved in the next section.

Theorem 3.4. Let v € (0,1) \ {%, %} For any injective continuous group homomorphism
gT : ST — Sp(2,R) there exists B € Sp(2,R) and a continuous group isomorphism ¢ of St
satisfying () such that

9" (x) = B (p(2)) B,

As immediate consequence of the theorem, Lemma [B.I] and Lemma B.3] we obtain our main
result (for v = § and v = 2 see Remark [3).

Theorem 3.5. Let v € (0,1). There does not exist an injective continuous homomorphism
from S into Sp(2,R) and into any of its coverings.

We state the above result for v € (0,1) since this is the range of interest in the applications.
However, a simple inspection of the proof of Theorem shows that Theorem [B.4] holds true
for any v € R\ {0, 1}.

It is not clear if the theorem can be generalized to higher dimensions d > 2. However, we
conjecture that the result holds true in arbitrary dimensions.

4 Proof of Theorem [3.4]

We start by examining the Lie algebra of the symplectic group in the next subsection and use
the findings for our embedding result in Subsection

4.1 Root space decomposition and canonical forms

The Lie algebra sp(2,R) of the symplectic group Sp(2,R) consists of the real 4 x 4 matrices,
called Hamiltonians, which satisfy the equation X*J + JX = 0. It is the 10-dimensional Lie
algebra

My M
sp(2,R) = {(M; —J\ZT1> : My € R*2) Mg, My € Sym(Q,R)}.

Root space decomposition. To prove our main embedding result we need a representa-
tion of Hamiltonians with respect to a certain basis of sp(2,R) which we provide next. The
maximally non compact Cartan subalgebra of sp(2,R) is given by

a0 0 0
b
a={Hup=|g ¢ . o | wber)
00 0 -b

10



and has the natural basis {H; o, Ho,1}. We define the linear functionals o and 5 on a by

a(Hgp) :==a—0b, B (Ha,b) = 2b.

)

The functionals in
AN:=ANTUA", AT :={a,B,a+B2a+8}, A :={-wv:ivecAT}

form a so-called root system. The root system is meaningful since for any non-zero functional
v not contained in A the vector space

g, ={X €sp(2,R): [H,X]| =v(H)X for all H € a}
is trivial. The root spaces g,, v € /\ are one-dimensional and the linear space associated with

the zero functional go = a is two-dimensional. Here are the four root vectors X, spanning the
space g, v € AT

01 0 0 00 0 0 00 0 1 00 2 0
00 0 0 00 0 1 00 1 0 00 0 0
Xai=1o 0 0 o' =000 of X =|o 00 o[ X =]0 0 0 o0
00 —1 0 00 0 0 00 0 0 00 0 0

The root vectors X_, spanning the g_,, —v € A~ are given by the Cartan involution
X ,=-X,.

The Lie algebra sp(2,R) has the following vector space direct sum decomposition, known as
root space decomposition:

HP(Q,R) =a+ Z gv.

vEN

To show our embedding result we will label Hamiltonians with respect to the basis
B = {XOH Xﬁa XCV+67 X2a+ﬁ7 X—Oéa X*ﬁa X*Q*ﬁa X*20{757 H1707 HO,l} (20)
={Br:k=1,...,10},

where the enumeration is with respect to the above ordering of the elements. The following
table contains the commutator rules of the basis elements:

(-1 KXo X Xars Xoa45 | X o X Xoop X_20-5 | Hip Ho 1
X, 0 Xoyp Xoosp 0 H_y, 0 -2X_5; -2X .4 ~X, X,
Xp ~Xois 0 0 0 0 —Ho, X o 0 0 —2X,
Xots —Xoa+8 0 0 0 2Xp —Xa —Hy 2X o —Xatp —Xays
Xoass 0 0 0 0] 2Xais 0 —2X, —Hig | —2Xs04s 0
X o —H_y, 0 —2X5 —2X..s 0 Xouyp Xosasp 0 Xoo —X_a
X_s 0 Hs Xo 0| ~X_us 0 0 0 0 2X_g
X_aop 90X 5 —X_o  Hyy 2X, | —X_s0_p 0 0 0| Xoup X_oog
X sap | 2X s 0 —2X_, Hio 0 0 0 0] 2X_90_s 0
HI,U Xo 0 Xa+5 2X2a+;3 —X o 0 7X7a7;3 72X72U¢75 0 0
Hos ~Xo  2X5  Xois 0 X0 —2X_5 —X_o_p 0 0 0

Table 1: Commutator relations [B;, B;] for B;, Bj € B, i,j =1,...,10.

11



Canonical normal forms. Next we give the complete list of canonical normal forms to
which we can reduce real 4 x 4 Hamiltonians by means of real symplectic conjugations, i.e.,
by applying Ad(B)X := BXB~! with B € Sp(2,R). For arbitrary space dimensions and
symplectic spaces over any field the result is due to Williamson [28]. For real Hamiltonians the
characterization can be found in a synthetic form in [I, Appendix 6] which we briefly recall for
sp(2,R) below.

The canonical normal forms are closely related to the Jordan normal forms of Hamiltonians.
The eigenvalues of Hamiltonians are of four types, namely (i) real pairs (4+a,—a), a > 0, (ii)
purely imaginary pairs (+bi,—bi), b > 0, (iii) quadruples (£a £ b), a > 0, b > 0, and (iv)
zeros. The Jordan blocks for the two members of a pair have the same structure, and there is
an even number of blocks of odd order with zero eigenvalue.

In Arnol’d’s book [I] the canonical normal forms are nicely determined by the help of a quadratic
form (Hamiltonian function). To this end, note that any X € sp(2,R) is related to a symmetric
matrix A € Sym(4,R) by JX = A. Now A € Sym(4,R) and hence X = —JA is completely
determined by the quadratic form

Hy(zx) := %(Ax, x).

Using the notation x := (p1,...,pk,q1,---,qk)", k € {1,2}, the list of canonical normal forms
for the irreducible cases and their relation to their Jordan normal forms read as follows (order
as in [1):

(A) If X € sp(1,R) has a pair of Jordan blocks of order one with real eigenvalues +a, a > 0,
then it has the normal form

0
Ha(p1,q1) = —apiqn and — JA= (g _a> :

(B) If X € sp(2,R) has Jordan blocks of order two with real eigenvalues +a, a > 0, then

a 0 O 0

-1 a O 0
Ha(p1,p2,q01,q2) = —a(p1q1 + p2q2) + p1gz and  — JA =Dy = 0 0 —a 1

0 0 0 -—a

(C) If X € sp(2,R) has a quadruple of Jordan blocks of order one with complex eigenvalues
+a 4+ b, a,b > 0, then

a b 0 0
-b a 0 0
Ha(p1,p2,q1,2) = —a(p1q1+p2q2)+b(p1g2—p2q1) and —JA = D3 = 0 0 -a b
0 0 —=b —a

(D) If X € sp(2,R) has a single Jordan block of order four with eigenvalue zero, then, for

€= =1,
000 e
_E 2 . . 1 0 ¢ 0
Ha(pr,p2,q1,42) = 501 = 201@2) =prgz and - —JA=Dy=| o o
000 0

12



(E) If X € sp(1,R) has a pair of Jordan blocks of order one with purely imaginary eigenvalues
+ib, b > 0, then, for e = £1,

0
Ha(p1,q1) = —=(b°pi +¢f) and —JA:( 5)_

€
2 —eb? 0

If X € sp(1,R) has single Jordan block of order two with eigenvalue zero, then it has the
canonical normal H(p1,q1) = —%q%, which coincides with the above form for b = 0.

(F) If X € sp(2,R) has a pair of Jordan blocks of order two with purely imaginary eigenvalues
+ib, b > 0, then, for ¢ = £1,

0 -1 & 0
e 1 ¥ 0 0 ¢

Ha(p1,p2,q1,92) = —g(b—QQ%+qg)—52P1Q2+p2Q1 and —JA = D7 = 0 0 0 -—b?
0 0 1 0

Combining the irreducible 2 x 2 cases (A) and (E) we obtain the remaining three canonical
normal forms, namely for (A) @ (A):

agz 0 O 0
0 a2 O 0
= > >
D, 0 0 —a 0 | @“Z® 0,
0 0 0 —a
for (E) ® (A):
0 0 e O
0 a 0 O
Ds »: 00 o0 | a>0,0>0, e==1,
0 0 0 —a
and for (E) @ (E):
0 0 € 0
0 0 0 n
= > by > —1). (=1, 1),
DG —b%& 0 0o ol bl_b2_0, (6577)6{(1’1)’(1’ 1)a( 1’ 1)}
0 —b3np 0 0

We summarize our specifications of the results in [ 28] for d = 2:

Corollary 4.1. For any X € sp(2,R), there exists B € Sp(2,R) such that Ad(B)X € N,
where N :={Dy : k=1,...,7}.

4.2 Embedding result

To prove Theorem 3.4 we first observe that ST is simply connected so that we can pass to its
Lie algebra denoted by b, see also Lemma 2l Let g, i and R_;, be the tangent maps
corresponding to g7, k™ and R_1 in Theorem 34l Note that g, k] are Lie algebra embeddings
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of b into the sp(2,R), whereas R_; . is a Lie algebra isomorphism of hF. We have to prove
that there exists B € Sp(2,R) and a Lie algebra isomorphism ® : b — b satisfying

R1.®=®R_q, (21)

such that
g5 = B(kf®)B™L. (22)

The image of b under x; is the Lie algebra of TDS(2) and, with slight abuse of notation, we
identify it with hF. By taking the derivative of the following four one-parameters subgroups,

N+ kT (exp(21),0,0,0), n— &7 (1,1,0,0), n+ &7(1,0,21,0), n+— x1(1,0,0,2n),
we get a basis of b, namely
Dt = —Hyo+ (1 —2v)Hp Pt =X_,, QY =-X_o5 TH=—-X 9,-5. (23)
By Table [I] the non-zero brackets of these generators are
DF, PH =21 —)P*, [DY,Q =29Qt, [PH.QY =T, (DY T =27t (24)
The action of the Lie algebra isomorphism R_; . is given by
R.,.D"=D" R ,.Pt=P", R,.Q"=-QF, R_.Tt=-TT.
Observe that, for any fixed u, 2z € R with uz # 0, the linear map ® : b7 — b defined by
D' := DV, OPT :=uPt, ®QT:=2Q7, OTT :=wuTT (25)
is a Lie algebra isomorphism satisfying (21]).

An arbitrary Lie algebra embedding g; : b — sp(2,R) is in one-to-one correspondence with
four linearly independent generators D, P, @Q,T of sp(2,R) whose Lie brackets are given by

[D’P]:Q(l_W)P’ [D’Q]:?VQ’ [P’Q]:T’ [D’T]:2T’ [P’T]:[QaT]:O (26)

where D, P,Q,T are the images of DT, P* Q% ,T* and hence determine g;". Then, by (22]), it
remains to prove the following theorem.

Theorem 4.2. For v € (0,1) \ {%, %}, let DT, PT,Q%, T" be given by @23). Then, for any
fized generators D, P,Q,T € sp(2,R) fulfilling 26)), there exists B € Sp(2,R) and a Lie algebra
isomorphism ® : bf — bt satisfying 1) so that

Ad(B)®D* =D, Ad(B)®PT =P, Ad(B)®Q" =Q, Ad(B)®T =T.

Note that, the choice of a map ® as in (23] allows to change P and @ up to a multiplicative
constant.

Proof. First we obtain by straightforward computation
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0 1
(i) for 0 <y < 3, @ in (F) withu =2 = —1 and B := (?
0

—OOO

) € Sp(2,R) that

co—o
coo |

Ad(B)®D* = Hyg+ (1 —2y)Hp1, Ad(B)PPT = X5, (27)
Ad(B)®Q" = X,, Ad(B)®T" = —Xon+5.

(ii) for 2 <y <1, ®in @5) withu=1, z=—1 and B := —J that
Ad(B)(I)D+ = HLO — (1 — 2’)/)H0,1, Ad(B)(I)P+ = Xa, (28)

Ad(B)®Q" = X oy s, Ad(B)®TH = Xy

We show that, up to conjugation and change of sign in the definition of P and @, the matrices

in (27) and (28)) are the unique ones which fulfill (26).

Let D, P,Q,T € sp(2,R) be arbitrarily fixed linearly independent matrices with property (26)).
By Corollary 1l up to conjugation, D is one of the canonical forms in N. For each D € N/
we have to find P,Q € sp(2,R) fulfilling in particular [D, P] = 2(1 — )P and [D, Q] = 27Q.
For this purpose we consider for all v € (0,1) the pairs of vector spaces

Vi ={X esp(2,R): [D,X] =TX}, Te{21—7),27},

which coincide in the case v = % We compute the Lie brackets of every D € N with the basis
elements in (20), i.e., we use Table [ to find [D, Bg] = Z;gl dijBj, k = 1,...,10. Then we
obtain for any X := S"° 2By € sp(2,R) that

10 10
[D,X] —=TX =) D, By -T > ;B

k=1 j=1
10 10 10

=D > wndiBj —T ) ;B
k=1j=1 j=1
10 10

= Z <Z(dk] — Fék])xk> Bj.
j=1 \k=1

Hence [D, X] =T'X is equivalent to Mrz = 0, where x := (24);2, and
My := (dij — Do) ;%=1 (29)

To have non-trivial linearly independent solutions X (for P and ) we need that Mp has rank
<9 for each I € {2(1 — 7), 2y} if v # 3 and rank < 8 if v = 1. For the seven matrices D € N/
the brackets [D, By, k = 1,...,10, the corresponding matrices Mp and their determinants are
listed in the appendix. Using these computations we have the following cases:

1. For D € {Dy4, Dg, D7} we see immediately that det Mp # 0 for T € {2(1 —~),2v}, v € (0,1)
so that the matrices have full rank.

2. For D € {Dy, D3} only 2a = 2(1 — «) = 27 leads to det Mpr =0, I" € {2(1 — v),2v}. This
implies v = % and May = My = M;. But M; has rank 9 in both cases D € {Ds, D3}.

3. For D = D5 we obtain det Mp =0 for I € {2(1 — ), 2v} in the following cases:
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3.1 2a = 2(1 —v) = 2y or a =2(1 — ) = 2y which implies 7 = % However, as in the
previous case, M; has rank 9.

3.2 For b=10: 2a =2(1 —+) and a = 27 or 2a = 27y and a = 2(1 — 7) which is only possible
if v= % or y= % But for these cases the second or third column of Mr is zero so that
P would be a multiple of X5 and @ a multiple of X,g (or vice versa) but these basis
elements commute.

. Finally, for D = Dq, the matrix My is a diagonal matrix with diagonal entries
(a1 — ag 71—‘,20,2 7F,a1 + aso 7F,2a1 71—‘,0,2 — a 7F,72a2 7F,7a2 — a 71—‘,72(11 7F,7F,7F)

Since a1 > a9 > 0 and I' > 0, the last six elements are less than zero so that Mpx = 0

['a ] ‘ Xa ‘ Xﬁ Xa—f—ﬁ XZOH-ﬁ

Xo | 0| Xatrs Xoais 0
Xp ~Xoip 0 0 0
Xotp | —Xoarp 0 0 0
Xoois 0 0 0 0

Table 2: Commutator relations [B;, B;] for B;, Bj € B, i,j =1,...,4.

implies x5 = g = ... = 190 = 0. Hence any solution X is a linear combination of at most
the first four basis elements. To obtain solutions X for P and @ such that [P,Q] =T # 0
we see from Table 2] that at least one solution X must be a nontrivial combination with
B; = X4, i.e., 1 # 0. Consequently, we need a; —ay —I' = 0 for one I € {2(1 — ), 27}.

Let v # % Then, for the other choice of T', another diagonal element has to be zero. Table Bl
shows the corresponding six cases. Note that by setting the first and another diagonal
element to zero, the values a; and as are uniquely determined by ~.

The pairs (a1, a2) € {(1—~,1—37),(v,37—2)} lead to one solution X which is a multiple of
Xoa+p and consequently commutes with all four basis elements, see Table[2l This contradicts
the requirement [P, Q] =T # 0.

For (aj,az) € {(y+1,1—7),(2—,7)} the solutions X (for P and Q) are multiples of X,
and Xg, so that by Table 2] the matrix 7" becomes a multiple of X, g. But this 7' cannot
commute with P and @ as required by (24)).

For (ai,az) = (1,1 —27) with v < 3, v # 3 we obtain (up to multiplication with scalars)
the setting (27), and for ((a1,a2) = (1,2y — 1) with v > 3, v # % the result (28). For
v E {%, %} see Remark [4.3]

Let v = % which implies I' = 1. Then, regarding that x; # 0, and consequently a; —as—1 =
0, i.e., ag = a1 — 1, the first four diagonal elements of M7 must read as

(0, 2&1 - 3, 2&1 - 2, 2&1 - 1)

The matrix M; must have rank < 8 and ay > 0. This is only possible if (aj,a2) €
{(2,1),(1,0)}. For (ar,a2) = (2,1) the solutions X for P and @ are multiples of X,
and Xg. But then T' = [P, Q)] is a multiple of X,g which does not commute with both X,
and Xz as required by (24)).
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al ag I |0,17(127F 2(1271—‘ a1+a2—F 2(117F
vil 1-n 20—=7) | 22v-1) 0 2y 4y
2y | 0 —2(2y-1) =2(y-1) 2
1 1~ 2y 20—7) | 22v-1) —2y 0 2y
(v<3) 2y | 0 —23y-1) —2(2v-1) —2(y-1)
1—~ 1-3y 2(1—7) | 2(2y-1) —4dy =2y 0
(v<3) 2y | 0 —2(4y—-1) —2(3y-1) —2(2y-1)
2(1 — 0 2(2y -1 2 2
PV (1-7) | (2y - 1) y
2y | -2(2y-1) 0 —2(y=1) —4(v-1)
1 9y —1 2(1—7) | 0 2(3v—2) 2(2v-1) 27
(v>3) 2y | —22y-1)  2(y-1) 0 —2(y - 1)
V32 2(1—7) | 0 204y -3)  2(3y-2) 2(2y-1)
(v>2) 2y | —2@2y-1) 4(v-1) 2(y—1) 0

Table 3: Possible solutions for a; and ag such that a; —ay —I' = 0 (the first entry of Mr).

For (aj,a2) = (1,0) we obtain the solution

D =H P =uXqy+vXaqts, Q=wXy+2X048, T = (uz — vw)Xoa+8,

where uz — wv # 0 must be fulfilled. Possibly changing P into —P, we can assume that
uz —wv > 0. Now straightforward computation shows that

m2 0 0 0

1 0 z 0 —w
B.—E 0 o 1 o | m = \Vzu — vw

0O —w 0 wu

is a symplectic matrix which fulfills

Ad(B)HLO = HLO’ Ad(B)Xa =uX, + UXCV+67 Ad(B)Xa+B =wX, + ZXaJrﬁ.

This finishes the proof. O

Remark 4.3. For v = % (and v = %) there are ‘non-standard’ embeddings % of ST into
Sp(2,R), which are not conjugated with [IQ) unless w = 0. At the Lie algebra level, fy : b7 —
sp(2,R) acts as

~ 1 ~ ~ ~
ReDT = Hyio+ §H0,1 R Pt = uXotp R QT =0vX, + wXp ReZT = —uvXonyg-
However, it is easy to check that for such embeddings there does not exist a symplectic matriz

A satisfying [IH). For further explanations we refer to [22].
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5 Coorbit spaces for equivalent representations

In this section we show the relation between the coorbit spaces of isomorphic groups with equiv-
alent representations and apply it to our setting. We briefly introduce the general coorbit space
theory and describe how isomorphic groups with equivalent representations lead to isomorphic
scales of coorbit spaces. Then we specify the results for our connected shearlet and shearlet
Toeplitz groups and their isomorphic subgroups of the symplectic group. Since the later ones
are equipped with a metaplectic representation this leads finally to metaplectic coorbit spaces.

5.1 Coorbit spaces

Let G be a locally compact group with left Haar measure du. A unitary representation of G on
a Hilbert space H is a homomorphism 7 from G into the group U(H) of unitary operators on
‘H that is continuous with respect to the strong operator topology, see [15]. A representation
is called irreducible if there does not exist a nontrivial 7-invariant subspace of H. A unitary,
irreducible representation 7 fulfilling

/G [, (0)) Pdulg) < oo (30)

for some ¢ € H is called square integrable and a function fulfilling ([B0) admissible. Assume
that there exists a square integrable representation 7w of G. For an admissible function ¢ € H
the mapping Vi,: H — Lo(G) with Vi (f)(9) := (f,7(9)¥) is known as voice transform of f
(with respect to ¥). The admissibility condition (30]) is important since it yields to a resolution
of the identity that allows the reconstruction of a function f € H from its voice transform
((f,m(9)¥))gec- Using the voice transform we can reformulate the admissibility condition (B0)
as Vy(¥) € La(G).

For a real-valued weight w and 1 < p < oo we define the weighted L, space on G as
L, w(G) := {F measurable : Fw € L,(G)}.
Further we will need the weighted sequence spaces
lpvw = {(¢i)iez : (ciWi)ieT € {p}.

The voice transform can be extended from the Hilbert space H to weighted Banach spaces
of distributions using coorbit space theory. This theory was developed by Feichtinger and
Grochenig in a series of papers [12 [13] [14] 16} (18] and we collect the basic ideas in the following.
Let w be a real-valued, continuous and submultiplicative weight on G, i.e., w(gh) < w(g)w(h)
for all g,h € G fulfilling in addition the conditions stated in [16, Section 2.2]. We assume that
the so-called set of analyzing vectors

Aw i ={Y e M :Vy() € L1,,(G)}. (31)

is nonempty and fix a nontrivial function ¢ € A,,. We can define a set of test functions and
equip it with a norm such that it becomes a Banach space by

Hiw = A{f €H:Vy(f) € Liw(@)}s [fllrnw = Vo (Dl w):-
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Its anti-dual space, i.e., the space of all continuous conjugate-linear functionals on H1 ,, also
called space of distributions, is denoted by H7,,. The definitions of Hj, and H7, are in-
dependent of the choice of the analyzing vector ¢ € A, see [12, Lemma 4.2], in particular
Hiw = Ay as sets. The spaces H1,, and wa are w-invariant Banach spaces with continuous
embeddings Hi ., — H — H7,,. The inner product on H x H extends to a sesquilinear form
on Hy,, X Hiw: for ¥ € Hiq and f € HY,, the extended representation coeflicients

Vlﬂ(f)(Q) = <fa 77(9)¢>7—[;:w><%1,w

are well-defined and provide the desired generalization of the voice transform on HY,,.

Let m be a w-moderate weight on G which means that m(zyz) < w(z)m(y)w(z) for all z,y, z €
G. The coorbit space of Ly ,(G) is given by

Co(Lpm(G)) := Hpm = {f € Hiy : Vu(f) = (f,m( )0)ng , xt10 € Lpm(G)}

with norm || f|l#,,, = [[{f;7(- ) s, xH1 w1y m(c)- It 18 & m-invariant Banach spaces which
does not depend on the choice of the analyzing vector i) € A, see [I13| Theorem 4.2]. In
particular, the spaces H, Hi . and Hy,, can be identified with the following coorbit spaces

H = Co(L2(G)), Hiw=Co(L1w(G)), and HT, = CO(LOO%(G)).
To establish atomic decompositions and Banach frames for coorbit spaces we need (i) a stronger
integrability condition for the analyzing functions than (31]), and (ii) a reasonable discretization
of our group G. Concerning (i) we require that the following better subset (or set of basic atoms)
is nontrivial

By = {1 € 1 : Vy(v) € WH(Lso(G), L1,4(G))}

where WH(Lao(G), Liu(G)) = {F € Lootoc + I(Lox@)Flle = supyegl F)] € Liw(G)}
and @ is a relatively compact neighborhood of the identity element e € G. Then we choose
0 # v € By,. With respect to (ii) we assume that G can be discretized on a so-called well-spread
set. A (countable) family X = {g; : i € Z} in G is called well-spread if | J;,c.7 g;U = G for some
compact set U with non-void interior, and if for all compact sets K C G there exists a constant
Ck such that

sup#{i € Z: 2, K Na; K # 0} < Ck.

jeT
The following theorem collects results about the existence of atomic decompositions and Banach
frames from [16, [8 [5].

Theorem 5.1. Let 1 < p < 0o and 1p € By, ¥ # 0. Then there exists a (sufficiently small)
neighborhood U C G of e such that for any well-spread set X = {g; : i € I} in G the set
{m(gi)®) : i € I} provides an atomic decomposition and a Banach frame for H, .

Atomic decomposition. Every f € H, , possesses an expansion

F=Y "l PHmgi)e,

1€
where the sequence of coefficients (¢;(f))iez depends linearly on f and satisfies

[(ci(f))iezlleym < CUf#pm
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with a constant C' only depending on +p. Conversely, if (¢;)iez € Lpm, then f =73 .7 cim(gi)Y
is in Hpm and
1 124 < Cll(ci)iez ey, -

Banach frames. The set {m(g;)¢ : i € I} is a Banach frame for H,, ,, which means that there
exist two constants Cy,Co > 0 depending only on 1 such that

CLllf 3, < ICCF T (90) V)27, 51 i€zl g < C2llf 134

and there exists a bounded, linear reconstruction operator R from £y, m to Hp.m such that

R(({fsm(90)¥)nz, xHrwieT) = f-

5.2 Coorbit spaces for isomorphic groups and equivalent representations

Let G and G be locally compact groups with left Haar measures du and dfi, respectively,
which are isomorphic with isomorphism ¢: G — G. Further, let H and H be Hilbert spaces

with isometric isomorphism W: H — H Let m: G — U(H) and 7: G — U () be unitary
representations of G on ‘H and of G on H, respectively, so that for all g € G and all f € H

U(m(g)f) =7 («(g)) (L f). (32)

We will refer to such 7 and 7 as equivalent representations. Setting f := ¥f, ie., f = ULf
this can be rewritten as ¥ (ﬂ(g)\Ifl f) = 7(u(g)) f. The following diagram illustrates the

relations.

L ~

G G

Assume that G, H, w give rise to a sequence of coorbit spaces including atomic decompositions
and Banach frames as described in the previous Subsection 5.l For the corresponding weights
and function spaces we use the notation from Subsection B. Il We are interested in the relation
to the coorbit spaces based on é, 7—~[, 7 in terms of ¢ and W.

First, we define w := wo v~ which is clearly a real-valued, continuous, submultiplicative weight
on G satisfying the conditions in [16, Section 2.2|, since w does. Let

Az ={b e H: (0,7 ()7 € L1.a(G)}.
Setting 1) := Wy for 1 € A, we obtain by ([BZ) and since ¥ is an isometry

(W, 7 @) )u = (T, U (n(cH(@)Y)) g = (0, F (@) 7
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Thus, A,, and .,Z@ are isomorphic. For an analyzing vector zZ =Ty € .Z@ we introduce the set
of test functions

a=1{f e ([,7@Y) € L15(G)}.

Since ||l = 7@V 01w = VST ()W) L, (@) We see with g = w(g) and
1) = W that

1 32,0 = ICF 7@ s i) = WEF@D @ = 117, -

As for the set of analyzing vectors W induces an isomorphism from H;, onto 7?[17@, where
f = VUf. Let (Hy45)~ denote the anti-dual space of le This space is related to Hj7,
by U*f = f for all f € (Hl,w)N, where ¥* : (7—[1 3)~ — HY,, denotes the adjoint of the

isomorphism V¥ : Hy ,, — ’Hl,@. The relations are illustrated in the following diagram.

Hl,w ¢ H e ,Hrl\:w
)\ v P*
Hig H e (H13)™

The inner product on H extends to a dual pairing on (ﬁlﬂg)N X 7:2171; by

<f, %(§)¢>(ﬁl,w)w><ﬁ1,w = <fa v (W(g)qﬁ»(ﬁl’wyxﬁl’w = (‘I’*JE, W(Q)¢>H;wx7{1,w
= (/,m(9)V)ny , xHi - (33)

It follows that both lines of the diagram are isomorphic Gelfand triples and the extended voice
transforms coincide in the sense of (33). To the w-moderate weight function m on G we
associate the w-moderate function m on G by m(g) := m(¢=*(g)). Now we are ready to define
the coorbit spaces of L,, 5(G) by

Hypm = {f € Hiw)™: (f.7(- V) ity )~ s € Lon(G)}
which are isomorphic to H,, ,, with isomorphism f: Uf.

Finally, we want to analyze the relation between atomic decompositions and Banach frames
of the isomorphic coorbit spaces H, ,, and Hpm Clearly, the set By is just given by U(By).
Further, given a well-spread set X := {g; : i € Z} of G we can check that X = +(X) = {g; =
t(g;) : 1 € T} is a well-spread set of G. Then, we obtain from the atomic decomposition

F=> alf)mlgw

1€l

of f € Hp,m and the atomic decomposition of f: U f by

f=0f=1 (Z Cz‘(f)ﬂ(gz‘)1/1> =Y il @)Y,

€L €L
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ie., f can be decomposed using the same sequence of coefficients. Concerning the Banach frame
property of {7m(g;) : i € Z} it remains to deduce the reconstruction operators R : £y, 5 — Hpm
given a reconstruction operator R : £, — Hpm. Let the sequence of moments of f be given
as {(F.7(0)0) 7 vty } € bpn- Using f = 0" we get

FFGID 1y it = F VGO 2y i = (O PG )05, 1

and since R({(l’*f, 7(9:)V) Yiez) = ‘I’*f that R = (U*)'oR.

5.3 Application to the connected (Toeplitz) shearlet groups and their
isomorphic subgroups in the symplectic group

In this section we want to use the results from the previous section to establish coorbit spaces
for the groups TDS(d,R) and TDSr(d, R) using the coorbit spaces for ST and S7.. First, we
have to determine the latter ones.

Square integrable representations of ST and SJTF. The coorbit spaces for the full shearlet
group S and H = Ly(R?) were introduced in [8, @] and for the full Toeplitz shearlet group Sz in
[6]. However, we cannot use these results directly since the respective representations are not
irreducible if restricted to the connected groups ST and S}. Therefore, we consider instead of
L2(R%) the Hilbert space

Ly(©1) := {f € La(R?) : supp f C O},
where ©;, denotes the halfspace
O :={£eR?: & <0}
and f = Ff is the Fourier transform of f.

To shorten the notation we write in the following S?}) to address both ST and S}. Further, we

just use A for the dilations in () and S for the shears in (2)) for both groups and denote by
their left Haar measures. We define a representation 7 : St — U(L2(©1)) by

(1)
7(a,5,1)f(2) = fasa(@) = (det(A) "2 f(ATLSHa — 1)) (34)
for all (a,s,t) € St and all f € Ly(©1). The Fourier transform fast of fu s+ is given by
(T) 99 i)
Fast@) == 7(a, 5,8) f(w) = (det(A))2 f(ATSTw)e2milte), (35)

Note that the representations m and 7 are equivalent in the sense that
FrF~ =+

Similarly as it is done for the full shearlet and shearlet Toeplitz group in [7, [8, @, [10], we can
prove that 7 is indeed a unitary representation of S?}) on Ly(Op).

The following lemma shows that the unitary representation 7 defined in (B34) is also square
integrable.
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Lemma 5.2. A function ¢ € Ly(Or) is admissible if and only if it fulfills the admissibility
condition

d
Wi

O<C¢::/ de<oo. (36)
Or

Then, for any f € La(©r) the following equality holds true:

10t P ditas,t) = Cu 10, (37)

(1)

In particular, the unitary representation w is irreducible and hence square integrable.

Proof. Observe that
1
SHy(a,s,t) = (f, Yast) = (f,det(A)2Y(ATSTH = 1)) = f x5 10 (t), (38)
where ¢y ., := = 9a.st(— ). Employing Plancherel’s theorem, ([B5), and (B8] we obtain

d d
[, 10t i s / % 0% o) Pt ds

Sery
/ / (@) P15 g 0le0) P ds 2
®, Jri-1 Jo,, a,s,0\% qd+1

; det(A), -
2 T AT
STA dwdsd
/]RJF/Rd 1 @L‘f Wl =gt ¥ W w)[*dw ds da

det(
/9 /]R /Rd ! W)’ d+1)|¢(STAT )|? ds da dw.
LR+

To continue we need the concrete matrices A and S for the connected shearlet and Toeplitz
shearlet groups. We restrict our attention to S}. The conclusions for ST can be drawn in the
same way with slightly simpler substitutions. Then

1 0 - 0 awq awi
51 1 0 aw? s1awi + aws
TTAEQJ = S9 S1 1 0 =
0
Sd—1 Sd—2 ... S1 1 awy Sq—1aw1 + asg—owso + ... + awqg
and substituting §; := sq_1awi +. . +awq, g1 := Sg_oawi+...Fawg_o, ..., & 1= s1aw1 +awo

we obtain with d¢ := dé, ... d¢; and d€ = (aw)* ! ds the equality
/ 1(f, Pas)]? d+1 dsdt = / / / )2a%w; T [ (awy, &, - . ., €0)|? dE da dw
st oy JrR, JRi-1

(T
/@L /]R+ /Rd_ W) 2T (€L, Ea, . .., Eq)|? dE dE dw

B 2 WO e [9(€))?
- /@ Ife) /@ B de =111 e /@ Bl
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This yields (37) and since there exist functions ¥ € Lo(©r) for which (B8] is finite we have
verified ([B0). Next, we show how (37) implies the irreducibility of m. Towards a contradiction
assume that there exists a closed proper non-trivial subspace W of L2(0p) such that 7(g)W C
W for all g € Szt[). Hence, there exist non-trivial functions ¢ € W and f € W+ such that
(fiYa,st) = 0 for all (a,s,t) € S?FT). By the above computations this implies Cy, = 0 which is
only possible if ¢ = 0 almost everywhere. This yields a contradiction. U

The whole coorbit space setting worked out in [8,[9] 6] for the full shearlet and Toeplitz shearlet
groups can now be modified in a straightforward way to the connected groups.

Equivalent representations of TDS(d,R) and TDSz(d,R). We want to exploit the iso-
morphisms HE;) between SJ“T and the subgroups TDS 7, (d,R) of the symplectic group to define
coorbit spaces for the latter subgroups with respect to their metaplectic representations. For
this purpose, we define the diffeomorphism

Q:0r 0y with € QE) =5 (€66, 68"

The inverse of @ is given for & > 0 by Q~1(¢) = v2(—v/—=&1, %, ey \/%)T. Further, the
absolute value of the determinants of the Jacobian Jg of @ and its inverse read

et (JTo(€)| =261 and  [det(To-1(6))| = (V2)4-2é] 2. (39)

Based on @Q we can define the isomorphism W: Ly(©1) — Lo(01) as ¥ = F1UF, where

A A

() = Idet(To-1())12 F(QL(E)). (40)

Its inverse is given by
s 1
UTLR(E) = |det(TQ(€)) 2 F(Q(E)).
Since WV is an isometry we have
PYRRND) G ()2
[ B, [ e,
S)3 Wi or Wi

such that 1 is admissible if and only if W4 is admissible with Cyy = Cyy. The group G in ()
possesses a (mock) metaplectic representation 7 on Lo(©p) defined for all g € G by

A(g) () = (det M) 2727 0RO) (ML), f e Lo(O)).

For TDS(d,R) this metaplectic representation becomes

" (a,5,1) f(€) = a2~ i TRETD 2 fAT1 57 e) (41)
with the matrices ﬁaﬁ and S in (8), and for TDS7(d,R) just

A (a, 5,6 f(€) = ate 2RO f(\/aTre). (42)

We now show that these representations are equivalent to the representations (34]) of the con-
nected (Toeplitz) shearlet groups.
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Lemma 5.3. Let the isomorphism £t : St — TDS(d,R) be given by [I0). Then the represen-
tation ™ of TDS(d,R) in () is equivalent to the representation m of ST defined by B4) in

the sense R
Ui (kT (N = FrF =4, (43)

a% 0 &
Q. (” 578 = Q((sa_%*ﬂ/ a_%+“/fd1) <5~>)

= Qotr, s +a HE) = — (a8, 5078 + a761E)

1 & >
— 4, -
27 <5§% + &€
= Aoy 55 Q(E)- (44)
Then we conclude by ({), the definition of 7, and (@4]) that

(U7™(a, 5, )T 14)(€)
= |det(Jo-1(€))| 27" (a, s )(A‘%)(Q‘l(@)
= ’det(jQ—l(f))‘%a% %l+%(d D(w- w)( aﬂ/ SlQ (€))e —2mi(t,Q(Q™"(€)))
= [det(Jg-+ (€)|Fad 430V det (T (4,15, '@ O)IHH(QUA, LS, '@ (@) 2t
= ldet(Tg-1 () Fad D det(To (4,57 @ O [F i Aa STENe ™m0,
By ([39) we have
[det(To-1 (€))7 = (V2)F (/=€) % (45)
Simplifying
_\/T& 2
1 0 \/552
e . ol =2
V2¢y
V=&

and finally
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Equation (43) can be illustrated by the following diagram.

ULy (OL)) —— U1 ) — U(L2(O1))
S+ gt TDS(d, R)

Lemma 5.4. Let the isomorphism /{? : S; — TDSp(d,R) be given by (). Then the rep-
resentations ™ of TDSy(d,R) in @2) and 7 of St given by B4) are equivalent in the sense
that

VA (gr(- ) = FrFt = 4. (46)

Proof. By definition of o(t) in (@) we have

o ()6 () (59 ©)
<U(t1at)£,£> <<%t 0 § ) § %5; ) §
= 66} + ST+ 6P E= 06 + &ITE
= —2(t,Q(&))-
Using ([I2) we obtain for all ¢+ € R? that
and by the above relation
(0(Tst)€, &) = —2(Tst, Q(E)) = —2(t, T, Q(S))

such that Q(T7¢) = T, Q(§) and by definition of @ further

Q(VaTye) = aTFQ(€). (47)
Now we can compute
(7™ (a, s, 1) "4))(€)
= |det(Tg-1(€))[2 7™ (a, 5, ) (T 1) (Q1(€))
= |det(jQ,1(g))|%a%(qz*l(;)(\/aTSTQfl(5))ef2m‘<t,Q(Q—1(£>)>
= ldet(Jg-1 ()20 [det(Jo(VaTI Q™ (E)) H(QWaTI Q™ ()e 2
= |det(JTo-1 (€))7 ad |det( T (vVaTT Q1 (€))) |2 (Tl e)e2milE),
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Applying

1 —V=28 :
1 1 st 1 \\//_%
det(To(VaT;Q M)} = |det | Tp | va | |
= |det (Jo (—v/=20g1,...) ) |* = @'~(V~2ae1)")?
(V2T ral (V=6

and ([{5) we get \det(ijl(f))\%]det(jQ(\/ES;FQfl(f)))]% = af and finally

(W™ (a, 5,008 79)(€) = aF(aTFE)e >0 = #(a, 5,0 ().
O

Metaplectic coorbit spaces. Based on the equivalence of the metaplectic representations
of the subgroups TDS 7 (d,R) to square integrable representations of SEC[) we can apply the

results from Subsection to define coorbit spaces with respect to TDS(7 (d,R).

Let v € Ly(©r) be an admissible shearlet. Then the transform SHy: L2(0r) — LQ(S?FT))
defined by

S?‘[d,(f)(a, S, t) = <f= 77(0’7 S5, t)¢>L2(®L)

is called the continuous (Toeplitz) shearlet transform, whereas the transform SHy'+ La(© L) —
L2(TDS(7)(d)) defined by

SH F (i (a,5,8)) = (7™ (el (@5, 10,

is called the metaplectic continuous shearlet transform.

Using the above equivalences the (Toeplitz) shearlet coorbit spaces

SCpm = {f € Hi : SHy(f) € Lpm(Sty))}

and the metaplectic shearlet coorbit spaces
SCh = A{f € (Hia)™ : SH(f) € Ly (TDS(r)(d))}

are diffeomorphic.

Acknowledgements

This work has been supported by Deutsche Forschungsgemeinschaft (DFG), Grants DA 360/19—
1 and STE 571/11-1. Some parts of the paper have been written during a stay at the Erwin-
Schrodinger Institute (ESI), Vienna, Workshop on “Time-Frequency Analysis”, January 13-17
2014. Therefore the support of ESI is also acknowledged.

27



F. De Mari and E. De Vito were partially supported by Progetto PRIN 2010-2011 “Varieta
reali e complesse: geometria, topologia e analisi armonica”’, They are members of the Gruppo
Nazionale per ’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the
Istituto Nazionale di Alta Matematica (INdAM).

S. Dahlke, S. Hauser, G. Steidl and G. Teschke were partially supported by DAAD Project
57056121, "Hochschuldialog mit Stideuropa 2013”.

Appendix

In the following we list the Lie brackets of the canonical matrices D € AN with the basis
matrices X, v € A and Hyp, Hp, from the root space decomposition of sp(2,R) and the
matrices M{p gy defined by ([29).

Case 1. For Dy = a1 Hy 9 + agHp,1 we obtain

[Dl, Xa] = (a1 - ag)Xa, [D X_ oz] = —(a1 - GQ)X_O“
[Dl, Xﬁ] = 2(12X5, [Dl, X_ 5] = —2(12X_5,

(D1, Xa4s] = (a1 +a2)Xarp, [D1,Xap] = —(a1+a2)X op,
[D1, Xoa4+8] = 2a1X20+3, [D1,X_20-5] = —2a1X_24-5,

and Mr is a diagonal matrix with entries
(a1 —ay—I',2a5 —T'a1 +a2 — 1,207 —T',as —a1 — I', —2a9 — ', —as —ay — I', —2a4 —F,—F,—F),
where a1 > ay > 0.

Case 2. For Dy = X_, + aHy o+ aHp,; we obtain

(D2, X,] = Hio— Hopp, (D2, X_o-5] = —2aX_o g+ X 243,
[DQ,Xﬁ] = 2aX5, [DQ,X,[g] = —QQX,ﬁ —i—X,a,g,
[Dg, XOH—B] = —2X5 + QQXCH_ﬁ, [Dg, X_a_ﬁ] = —QCLX_Q_B + X_Qa,_ﬂ,
(D2, Xoarpg] = —2Xais +20Xoa48, [D2, X 2a-5] = —2aX_2q_p,
(D2, Hip] = X_q, (Do, Ho 1] = —X_,,
and
- 0 0 0 0 0 0 0 0 0
0 2a-T -2 0 0 0 0 0 0 0
0 0 20 — T —2 0 0 0 0 0 0
0 0 0 2a—1 0 0 0 0 0 0
Mo — 0 0 0 0 I 0 0 0 1 -1
'=1o 0 0 0 0 —2a-T 0 0 0 0
0 0 0 0 0 1 —2a—-T 0 0 0
0 0 0 0 0 0 1 —2a-1 0 0
1 0 0 0 0 0 0 0 - 0
-1 0 0 0 0 0 0 0 0o -I
with

det Mp =THT —2a)3(T +24a)%, a>0.
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Case 3. For D3 = bX, +bX_, +aHyp+ aHp; we obtain

(D3, X,] = bHyo—bHy;, [D3, X_4] = —bHyo+bHy;,
[Dg,Xﬁ] = QGX[; +bXa+67 [Dg,X,ﬁ] = —2aX,5 —i—bX,a,g,
[Dg, XOH—B] = —QbXﬁ + 2aXa+B + bX2a+B, [Dg, X_a_ﬁ] = —QbX_B - QQX_Q_B
+be2afﬁ7
[D37 X2a+5] = _2bXa+B + 2aX2a+Ba [Dg, X72a7[3] = _2bea76 - 2aX72a7[37
(D3, H o] = —bX,+bX_,, (D3, Ho1] = bX,—-bX_,
and
-I 0 0 0 0 0 0 0 —b b
0 2a¢-T —2b 0 0 0 0 0 0 0
0 b 20 — T —2b 0 0 0 0 0 0
0 0 b 2—T1 0 0 0 0 0 0
M, 0 0 0 0 - 0 0 0 b —b
'=1lo 0 0 0 0 —-2a—-T -2 0 0 0
0 0 0 0 0 b —2a-T —2b 0 0
0 0 0 0 0 0 b —2a—-1T 0 0
b 0 0 0 —-b 0 0 0 - 0
—-b 0 0 0 b 0 0 0 0o -I

with
det Mp = I'*(I'? 4 46%)(T — 2a)(T + 2a) (T’ — 2a)® + 4b%) (T + +2a)* + 4b?), a,b > 0.

Case 4. For Dy = X153 — X_o — §X_24_p We obtain

(D4, Xa] = —eXoa4p —eX_ap—Hio+ Hoy, [D4, X 4] = 2eXp,
[D4,X5] = 0, [D4,X_5] = —6Xa —X_a_ﬁ,
[D4, Xa+5] = QXB + 6X7a, [D4, X_a_ﬁ] = —X_Qa,_ﬁ — 6H1,0
—eHy 1,
[Dy, Xoays] = 2Xayp —2eHp, Dy, X _20-p] = 2eX_q,
Dy, Hio] = —eXayp— X o —eX 205, [Dy, Ho 1] = —eXayp+ X a,
and
- 0 0 0 0 — 0 0 0 0
0o -I' 2 0 2¢e 0 0 0 0 0
0 o - 2 0 0 0 0 —e —c¢
— 0 0 -0 0 0 0 0 0
M| 0 0 e 0 T 0 0 2 -1 1
lo o o o o - 0 0 0 0
— 0 0 0 0O -1 —-I' O 0 0
0 0 0 0 0 0O -1 -I' — O
-1 0 0 -2 0 0 - 0 —-I' 0
1 0 0 0 0 0 — O 0 -r

with det Mp = I'0.
Case 5. For D5 = 5§ X344 5 + b;—eX,Qa,g + aHp,1 we obtain

D5, Xa] = —aXa+b2eX_a g, D5, X_o] = eXaig,

D5, X5] = 2aXj, D5, X_5] = —2aX_p,

[Ds, Xoig] = aXaip—b*eX_q, (D5, X_o-5] = —eXoq—aX_o_3,
[Ds, Xoays] = 2b%¢Hip, [Ds, X_9q-5] = —2eHip,

[D5, HLO] = —€X2a+5 + b2€X,2a,5, [D5, H071], = 0
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and

—a—-T 0 0 0 0 0 —€ 0 0 0
0 2a—T 0 0 0 0 0 0 0 0

0 0 a—T 0 £ 0 0 0 0 0

0 0 0 -T 0 0 0 0 - 0

o — 0 0 —b? 0 a-T 0 0 0 0 0
r 0 0 0 0 0 —2a-T 0 0 0 0
b2e 0 0 0 0 0 —a—T 0 0 0

0 0 0 0 0 0 0 T ¥ 0

0 0 0 2% 0 0 0 —2 T 0

0 0 0 0 0 0 0 0 0 -T

with
det Mp =T'*(I' — 2a)(T' + 2a)(T? + 4b*) (T — @) + b*) (T* + a)* +b%), a,b>0.

2
Case 6. For Dg = nXg + § X045 + b%nX,g + bL;X,ga,g we obtain

[D67 on] = _277Xa+[3 + b%5X7a767 [D67 X—oz] = 5Xa+5 - b%anafﬁa
[Ds, X 5] = bsnHop, [De, X_g] = —nHou,
(Do, Xotp) = binXa —beX_q, (Do, X—0-p)] = —eXo+nX_a,
[Ds, Xoayp] = 2bicHip, [Dg, X_2a-p] = —2eHip,
[Dg, Hio) = —eXoars+0ieX 205, [Ds, Hoil = —2Xp +205nX g,
we obtain

-T 0 by 0 0 0 - 0 0 0

0 -r 0 0 0 0 0 0 0 —2n

-n 0 —I 0 € 0 0 0 0 0

0 0 0 T 0 0 0 0 —€ 0

Me—| 0 0 ¥ 0 -I' 0 n 0 0 O

0 0 0 0 0 -I' 0 0 0 2b2n

e 0 0 0 -ty 0 -T 0 0 0

0 0 0 0 0 0 0 - bl 0

0 0 0 2% 0 0 0 -2 -I 0

0 bn 0 0 0O - 0 0 0 -T

with
det Mp = I'*(I? 4 4b3)(1? + 4b7) (I + (b1 — b2)?) (T% + (b1 + b2)?), by > by > 0.

Case 7. For D7 = =X, — X3 + 555 X204 — b*X_, and

(D7, X4 = —eXqip— b Hio+bHoy, [D7,X_4] = wXatps + Hio— Hopn,
(D7, Xg] = —Xasp, (D7, X_g] = —b’X_o_p—cHoy,
(D7, X0t = 20°Xg— Xoaip, (D7, X_a—p] = —p@XateX o
+2X_5— X 20 p,
[D7aX2a+ﬁ] = 2b2on+ﬁ’ [D'?aX—Zoz—ﬁ] = 2X—a—6 - %Hl,Oa
[D7,Hip] = Xo— zXoars—0*X_q, [D7, Ho 1] = —X,—2X5+0X_,
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and

- 0 0 0 0 0 -5 0 1 -1
0 -I 202 0 0 0 0 0 0 -2
—e -1 -T 20®» & 0 0 0 0 0
0 0 -1 -I' 0 0 0 0 -5 0
.| 0 0o 0o 0o -r o0 £ 0 b b2
'lo o o o0 0 -r 2 0 0 0
o 0 0 0 0 —=b —-I' 2 0 0
O 0 0 0 0 0 —v2 -T 0 0
- 0 0 0 1 0 0 -% -I' 0
¥ 0 0 0 -1 —& 0 0 0 -T
with det Mp = I'*(I'2 + 4b%)3, b > 0
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