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1. Introduction
Let A be a bounded linear operator from a Hilbert space H into a Hilbert space G
and consider the inverse problem associated with

Af =g, (L.1)

that is, the problem of finding f € H given the datum g € G and the model
A:H — G. Usually the above problem is ill-posed [1,2,3] and we can only look for
the minimal norm solution of the least-squares problem

in||Af — 1.2
}rg,}}II f—=4llg (1.2)

which is called the generalized solution f.In general g and A are known up to noise,
g5, — glly; < 01 and [|As, — Al| 3¢y < 02, and fT does not depend continuously on
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g and A, so that a regularization procedure is needed to find a stable solution. For
example, Tikhonov regularization replaces problem (1.2) with
. 2 2
min (1145, S — 95,[1G + M1 f1l3) - (1.3)

The solution of the above problem is now stable with respect to perturbations due
to noise [30].

In practice to solve numerically problem (1.3) a suitable discretization is con-
sidered and problem (1.1) is replaced with

Bf=h B:H-—Z (1.4)

where Z is a finite dimensional subspace of G, B is a bounded linear operator and
h is an element of Z. Examples of discretization procedures are degenerate kernel
methods, quadrature methods and projection methods (for a review see [3,4,5,2,
6] and references therein). For these methods the convergence of the regularized
solution of the discretized problem to the generalized solution of problem (1.1) is
controlled by d7, d2 and the dimension of Z.

In this paper, we develop a framework to deal simultaneously with the pertur-
bation due both to the noise and to the discretization. To this end we directly
compare problem (1.1) and problem (1.4) where Z is not necessarily a subspace of
G. Following [7,8], we study

Bsf = gs

regarding the datum g; as a perturbation of the exact datum ¢ and the operator
Bs as a perturbation of the exact model A. The critical point in our setting is to
give a measure of the discrepancy between gs and g, and between Bs and A, since
in general they belong to different spaces. We suggest that the perturbation can
be controlled by ||B;gs — A*gll,, < 61 and ||B;Bs — A*A||£(H) < dg, 6 = (1,02).
This can be seen, for example, observing that the Tikhonov regularized solution of
Bsf =gsis

f# = (BBs + \) "' B}gs,

so that fg‘ depends on B} Bs, which is an operator from H to H, and on B} gs, which
is an element of H. We note that the output space Z disappears. We stress that in
our approach §; and J; take care of both the noise and the discretization. Our setting
appears natural while considering the problem of learning from examples where
one has to deal with the stochastic discretization of a linear inverse problem [34].
Nonetheless, we can equally deal with the deterministic discretization of integral
equations [6].

The paper is organized as follows. In Section 2 we discuss the main example we
have in mind, i.e. learning from examples. In particular we recall a recently proposed
formalization of learning as an inverse problem. In Section 3 we develop the general
setting and give the main results. In Section 4 we specialize to linear problems
induced by a Carleman operator giving an unifying framework for both integral
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equations and approximation problems in reproducing kernel Hilbert spaces. In
particular we provide an estimate of the perturbation § in two different settings.
In Section 4.2 the discrete data are deterministically given. As a simple example
we consider the problem of computing the derivative of a function g when a finite
set of samples y; = g(x;) is given. In Section 4.3 we come back to learning theory
considering the discrete data as random variables and obtaining a probabilistic
bound on the discrete regularized solution.

2. An Inverse Problem Perspective on Learning Theory

In order to motivate the need to extend the discretization procedure usually consid-
ered in the theory of inverse problems to the scheme discussed in the introduction,
we give a brief account of the theory of learning from examples. For sake of clarity
we consider only the regularized least-squares algorithm in the regression setting
with quadratic loss function.

The theory of learning from examples was developed in the last two decades as
a mathematical model for learning in brain and cognitive science (for an account
of learning theory and its applications see [9,10,11,12] and references therein). As
noticed by many authors, the theory is strongly related with function approxima-
tion [13,14] and nonparametric regression [15]. It was recently shown [34] that the
problem of learning can also be reformulated as an inverse problem. In this section,
we review this connection.

The following ingredients define the mathematical setting of learning theory
where we focus on the regularized least-squares algorithm, see [13,19,20,17] and
references therein.

e The sample space Z = X x Y where the input space X is a closed subset
of R% and the output space Y is a bounded subset of R.

e The probability distribution p(z,y) = p(y|z)px (x) on the sample space
Z. The measure p is fixed but unknown. We denote by L?(X,px) the
Hilbert space of functions f : X — R, which are square integrable with
respect to px and by | f|| , the corresponding norm.

e The regression function

fo(x) = /Y ydp(z, y)

(the integral is finite and f, is in L?(X, px) since Y is bounded).

e The hypothesis space H, which is a (separable) reproducing kernel
Hilbert space [21] with a measurable kernel K : X x X — R bounded
by

K(z,x) <. (2.1)

e The training sets z = {(z1,v1), -+, (Tn,Yn)} € Z" where the n examples
(x5,y;) € Z are drawn i.i.d. according to p (that is, Z" is endowed with
the probability distribution p™).
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e The regularized least-squares algorithm. Given n € N, for all training
sets z € Z", the estimator f, , is defined as

hm=a@mmmH<i§:U@0—%f+AmJﬂ@>-

i=1

where A, > 0 is the regularization parameter depending on n and z.
We recall [21] that the elements of H are functions f : X — R such that
f@)={f,Ka)yy w€X, fEH, (2.2)

where K, € H is the function K, (t) = K (¢, z). Moreover, since the above functional
is coercive and strictly convex the solution f, ,, exists and is unique [22]. Clearly [,
is a random variable on Z" taking values in H. One of the goals of learning theory
is the study of the generalization properties of the algorithm when the number
n of examples increases. Working with the squared loss, this amounts to give a
probabilistic upper bound on

2 . 2
]PZNP” ”fZ,n _prp > flg%c_l”f_fp”p"_e

for all e > 0 [11,15,17].

We now rewrite the above problem in the framework given in the introduction,
for a wider discussion see [34].
If Iy : H — L?(X, px) is the inclusion operator, which is continuous by (2.1), the
least-squares problem associated with the linear problem

Ixf =1, (2.3)
is
inf |[Ixcf — fol2 = inf |f — fol?
feH Pllp ™ ren Pllp?

so that the problem of finding the best estimator in H is equivalent to solving
problem (2.3) in the least-squares sense. In particular, the generalized solution fT
exists if and only if Pf, € H where P is the projection onto the closure of H
in L2(X, px) (in learning theory fT is usually denoted by fy [10].) Moreover, the
definition of projection P gives

15 = £2 = E If = fl12 = 2icS = PLI 24)

for all f € H, which is the square of the residual of f in the framework of inverse
problems [2].

Finally, if z = (x,y) with x = (21,...,2,) and y = (y1,...,Yn), let Sxn: H — R"”
be the sampling operator [23,17]

(Sxnf)i = f(xs) =(f, Ku;)pyy i=1,...,n.
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where |[|-||,, is 1/n times the euclidean norm in R™. Then

1 n
=3 (F@) = 9 + A = ISnd =31+ A1
=1

and the estimator f, , is the Tikhonov regularization of the linear inverse problem

Sx,nf =Yy (25)

with the choice A = A, .

The problem of learning can be seen as the problem of solving the exact prob-
lem (2.3) (in the least-squares sense) when a discretized problem Sy ,f = y is
randomly given. As suggested in the introduction, the convergence of the regular-
ized solution of the discretized problem can be controlled by

HI;}IK - S:,nSXJLHL(H) S 61 ||I}k(fp - Sx,nY“H S 52-

Clearly, since both Sx ,, and y are random variables, the above bounds are to be
considered in a probabilistic sense. As a consequence of the theory we develop in
the following section, we will prove in Section 4.3 that, for a suitable a priori choice
of the parameter A = A\,

2 . 2 - —C€? —C€?
Parpr | Mom = Phpll, > Jnf IS = Soll, + (Ce+- F)*n T“}“(e )

where 0 < r <1 and C, C4, C3, R are constants.

We end the section, observing that, the basic goal of learning is to control
Ik fan — Pf,,||i7 which is the square of the residual of the solution. However,
if fI = fy exists, it is also of interest [17] to bound the reconstruction error
| fz.;n — frll;, Wwhich is standard both in inverse problems and in approximation
theory. In the following we treat both errors.

3. Error estimates for Tikhonov regularization

In this section, first we describe and briefly discuss the general setting, then we
state and prove the main results of the paper.

3.1. General Setting

First of all we set the notation. If H and G are Hilbert spaces, we denote by L(H, G)

the Banach space of bounded linear operators from H into G endowed with the

uniform norm |||z 3, ) If A € L(H,G) we denote by A* the adjoint operator.
We consider the two linear problems

Af =g A:H—-G (3.1)
and

Bgf = g5 B5 TH—Z (32)
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where H, G, Z are Hilbert spaces, and A, Bs are bounded operators. We will think
of problem (3.2) as a discretization of problem (3.1), meaning that we regard Bs and
gs as approximations of A and g, respectively. Henceforth we assume that M > 0
and 0 = (61,82) € R3 exist such that

lgsll z < M
1B595 — A"glly, < 01
1B5 Bs — A" Al £(3¢) < 2. (3.3)

The constant M is regarded as a fixed a priori normalization of the norm in Z,
whereas the parameter 0 = (d1,02) gives a quantitative measure of the perturbation
introduced by replacing the problem (3.1) with (3.2) and we are interested to the
convergence of the regularized solutions of the discrete problem (3.2) when § goes
to zero.

In the following we focus on Tikhonov regularization, so that we consider the
regularized solution

f& = (B};Bs + \I)"'B}gs (3.4)

where A > 0. The regularization parameter A = s is a suitable function of § such
that f g\‘; converges to the least-squares solution of problem (3.1) as § goes to 0. More
precisely, to study the convergence of f g\‘;, we consider both the reconstruction error

Hfé)‘é — fTHH and the residual HAfg‘é — PgHg where f1 is the generalised solution

of problem (3.1) and P is the projection on the closure of Im(A) in G. It is well
known that fT exists if and only if Pg € Im(A) and that AfT = Pg; however, as
we study the residual we don’t need to assume the existence of fT.

3.2. Error Estimates

In this section we give error estimates for both the residual and the reconstruction
error in the setting presented in the previous section. To state our bounds, we need
some kind of a priori information on the exact datum. Given r > 0 and R > 0, we
let

O r={9€G|Pg=(AA4")"¢,|¢llg < R}, (3.5)
whose role will be clarified by Prop. 3.2. Our main result is the following theorem.

Theorem 3.1. Assume (3.3). If g € Q, p with 0 < r <1, then

M.
1475 = Pgllg < 75,02 + SRR (3.6)

If g € Q. g with % <r< %, f exists and

M 1 1
115 = £T]l,, < A GRS (3.7)
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Before proving the theorem, notice that both in (3.6) and in (3.7) the last term
in the bound depends only on A, but not on the noise §. On the other hand in the
first two terms the dependence on ¢ and on A is factorized. Moreover condition (3.5)
on g affects only the third term in the bound.

Up to our knowledge, the first result similar to the above theorem was obtained
in [7, Th. 2] in the framework of integral equations with white noise. In a determin-
istic setting, [8, Th. 1] gives a convergence analysis for integral equations assuming
that B} Bs is a degenerate kernel and gs = g. [24, Th. 3.1] and [25, Th. 2] consider
a wider class of regularization methods, but By has the form Q,AP,, where Q,
and P, are orthogonal projections. Our bound is of the same kind of the estimates
obtained in [26, Th. 2.2], [27, Th. 2.1] and [28, Th. 2.5]. Anyway in the above papers
only the reconstruction error is studied and different estimates of the perturbation
are considered.

To prove the theorem we let

A= (A"A+ )" 1A%y (3.8)

be the regularized solution of problem (3.1), so that the following decompositions
can be considered

Afy — Pg=A(f3 — f*) + (Af* — Pyg)
B=rr=0 -+ =, (3.9)

The following proposition gives a bound of the first term in the above decomposi-
tions, whereas Prop. 3.2 estimates the second term.

Proposition 3.1. Assume (5.3). For any A > 0, the following inequalities hold
M 1

||A(f6)\ _f)\)Hg < 5524-%51 (3.10)
142 = £l < g+ 300 (311)

Proof. To treat both the reconstruction error and the residual of the solution, we
introduce a parameter a € [0, 1] and we let

Ca = {a“(l —la)(l—a> a0_<07aa<_11 ’ (3.12)
Moreover, we let T' = A*A, Ts = B} Bs, ¢ = A*g and ¢5 = Bjgs, (3.3) ensures that

1T =Tsllpry <02 N6 — @sllpy < 61 (3.13)
For all a € [0, 1] the spectral theorem gives

Ca

T3(Ts + )" p oy < -
—a
H 5 ( L(H) Al

(3.14)
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1
Moreover, the polar decomposition of Bs yields Bs = UTy, where U is a partial

1
isometry from H to Z, so that [|Ul| (4, z) = 1. Since T commutes with (s +A)71

1
(T + ) "' B; HT; (T5 + \)~1U*

HL(Z,H) = cEn)’

and Equation (3.14) with a = 3 implies

‘ -

|(T5s +X)"'B;

<

iz =5 (3.15)

5

Finally, the definitions of fg‘ and f give
= =T+ —(T+N)""
=[(Ts+ )" = (T+X) g5 + (T + )¢5~ 9) .
The known algebraic identity
(Ts+N) "= (T+ N =T +N"(T-T5)(Ts + N
and triangle inequality ensure
1T (F = f)llpe < | TT +X)"HT = T5)(Ts + )~ B s |
+ || THT + N b5 — )|

Ca sl z Ca
< \l—a ”Té 7T||L(’H) 2\/X + Nl—a ||¢6 - ¢||H
C, 5 M C, 5

<
= Nl-a 22\&+ \l-a

by (3.13). Bound (3.11) is clear choosing a = 0, whereas the bound (3.10) follows
choosing a = % and using the polar decomposition of A = WT %, which gives

lafllg = |37, - .

We now study the convergence of the second term in (3.9). The definition of
regularization scheme ensures that both Af* and f* converge to Pg and fT, re-
spectively, if A goes to zero [2]. However, to have an explicit estimate of the error,
we need some suitable a priori assumptions on the exact datum g or on ff. Such
assumptions are usually referred to as source conditions in the inverse problem lit-
erature. For example a standard result [3,2] shows that, if fT € Im (A*A)” A*, then
Hf’\ — fJfH = O(X\"). The definition (3.5) is a slightly modification of the above
source condition, which provides the desired error estimates.

Proposition 3.2. If g € Q, p with 0 <r <1 then
AP = Pl < RN

for0o<r<1.
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If g € Q, r with % <r< %, then fT exists and
12 = £l < BN
for1/2 <r <3/2.

Proof. The proof is standard [2]. Let 0 < » < 1, since ¢" is a concave function

A
AN . 1
)\+UU < ,o0>0 (3.16)

The assumption g € 2, g ensures
Pg— Af* = (I —A(A*A4+XI)"'A*)Pg = (I — AA*(AA* + A1)~ 1) (AA")" 6.

The spectral theorem with (3.16) gives ||Af)‘ — PgHg < RX".

To prove the second bound, let A* = U(AA*)% be the polar decomposition of A*,
then

Pg = (AA*)" = (AA*)Y2(AA*)p = (AA)V2U U (AA") U Up = A(A* A)°U ¢,

where ¢ = r — 1/2 €]0,1]. It follows that Pg € Im A, so that fT exists and fT =
(A*A)°U¢. Mimicking the proof of the first bound,

fl= A== (A A+ AND)TTAA) fT = (I — (A"A+ M) TLA*A) (AT A)Ug
and replacing r by ¢ in (3.16) ||f/\ — fTHH < RX. |

The bounds claimed in Th. 3.1 follow from the above two propositions and
Cauchy-Schwarz inequality applied to (3.9).

3.2.1. Comparison with Results on Inverse Problem with Noisy Operator

We compare Th. 3.1 with the known results for Tikhonov regularization in the
presence of modeling error [30]. To this aim, we consider noisy problems Bsf = g5,
where Bjs is an operator from H to G and gs € G such that

llgs — 9||g <m |Bs — A”L(H,g) < 2.
In this case it is known [30] that if

2
lim (m +n2)

=0 3.17
m.m2—0 A(n1,1m2) ( )

the regularized solution fg\ approaches f1. Since
1B5Bs = A" All gy < (IBsl 2.6y + 14l 22,6y M2 < Crmz = b2
1B59s — Agllyy < llgsllg m2 + ||A||L(H,g) m < Cao(m +n2) =01

it follows that (3.17) is weaker than (3.11).
This observation suggests that the noise can be evaluated by means of
1Usgs —Ugll;; < m and ||[Bs| — ‘AH‘L(H,Q) < 72, where A = U[A| and Bs =
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Us|Bs| are the polar decompositions of A and By, respectively. In fact repeating
the standard proof [30] for Tikhonov regularization in the presence of modeling
error, we have that, if Condition (3.17) holds, then the regularized solution f3
approaches fT. However, in the applications it is difficult to evaluate the polar de-
composition and, hence, to ensure that the noisy model is an approximation of the
exact model.

Finally, we observe that the content of Prop. 3.1 can be regarded as regular-
ization in the presence of modeling error. Indeed, the least-squares solutions of the
exact problem Af = g are the solutions of the inverse problem

A*Af = A*g.
This suggests to replace the noisy problem Bsf = gs with the problem
B:; B5f = B§g57

so that Bjgs is a noisy approximation of the exact datum A*g, Bj Bs is the noisy
model of the exact model A*A and the noise is controlled by two quantities

1B Bs — A"All £(3) < 01 1B5gs — A*glly, < b

However, the regularized solution f{* = (B}Bs + A)"'Bjgs is not the Tikhonov
regularization of the problem BjBsf = Bjgs. Indeed, if Ts = Ty = B;B;s and
®s = Bjgs, we have that

1= (Ts + N5 = (T Ts + NT5) "' Ty ¢s,
whereas the Tikhonov regularized solution of Ts f = ¢s is (TfTs + A) " T ¢s.

4. Discretization of Carleman Operators

In this section we discuss how to evaluate conditions (3.3) for inverse problems
induced by a Carleman operator [31]. This setting is general enough to cope with
learning theory as well as integral equations. After briefly recalling the definition
and main properties of Carleman operator we discuss two different discretization
settings. The first one is deterministic and is illustrated with the classical problem of
differentiating a function. The second setting is stochastic and requires probabilistic
estimates of vector valued random variables.

4.1. Carleman Operators

In the present section we briefly review the notion of Carleman operator that allows
an unifying approach to the theories of reproducing kernel Hilbert spaces and inte-
gral equations. Our presentation follows the book of [31], where a clear exposition of
the relation between Carleman operators and integral equations is given. The book
of [32] is a source for results and bibliography on this topic. In [4,13] and references
therein, there is an account of the theory of reproducing kernel Hilbert spaces in the
context of inverse problems. Recent results on the Tikhonov regularization in the
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framework of reproducing kernel Hilbert space can be found in [33] and references
therein.

Let X be a closed subset of R and px be a finite measure on X, we define
G = L*(X, px) as the Hilbert space of functions f : X — R square integrable with
respect to px.
Given a (separable) Hilbert space H, let v : X — H be a map such that v is
measurable and bounded. We define the Carleman operator A : H — G associated
with the map + [31] by

(Af)() = (f,72)y  px—almost all z € X

for all f € H. A natural way of discretizing the Carleman operator A is the following.
Given n € N, we consider n points x = (z1,...,2,) of X and we define the operator
By, from H to Z =R" by

(Bxnf)i = (fiV2i)yy t=1,....,n [fEH,

where Z is endowed with the scalar product

(v:¥)z =Y @iy, (4.1)

i=1
with a; € R4 suitable functions of the sample x.

The following proposition gives the main properties of A and By, (for the proof
see, for example, [34,35]).

Proposition 4.1. The operator A is a Hilbert-Schmidt operator from H into G,

A= /X o(2)7e dpx (), (4.2)
AA = /X (1Yo e dpx (), (4.3)
(AA"9)(1) = /X )y 6(2) dpx (2) = (Lro)(t) (4.4)

where ¢ € G, the first integral converges in norm, the second integral in Hilbert-
Schmidt norm and Ly is the integral operator with kernel T'(t,x) = (¢, Va)py -
The operator By ,, is a finite rank operator from 'H into Z,

Biny = Zaiyi'Yr,, VyeZz (4.5)
=1
n

B;,anJl = Zai <a’YI@>H FYLEL (46)
=1

Let now g € L?(X, px) be the exact datum, then problem (3.1) amounts to find
f € H such that

(f,V2)y = 9(x) px—almost all z € X.
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In particular, if the generalized solution fT exists, it is the minimal norm solution
of

(Pg)(x) = <fT,%>H px—almost all z € X (4.7)

and the condition g € €2,. g becomes Pg € Im L} with ||L1?7'Png < R. Notice that
if v is weakly continuous and the support of the measure px is X, then (4.7) holds
for all x € X and fT is the unique solution of (4.7) that belongs to the closure of
the linear span of the set {v, |z € X}.

The discretized version of g is a vector y = (y1,...,yn) € R™, so that prob-
lem (3.2) becomes

(Yo =yi i=1,...,n
Letting z = (x,y), according to the notation of Section 3, we denote by
A= (A"A+N)ATyg
fon = (BinBxn + X' By Ly,
the regularized solutions of exact and discrete problems, respectively, where we add

the subscript z = (x,y) to emphasize the dependence of the solution on x and y.
Moreover, (4.6) and (4.5) gives

z)\,n = Z aj’YCCj ((Fx + A)il)ji yi) (48)

i,5=1

where I'y is the n X n matrix (Fx)ij = <’Yrj7’Yz7:>H- In particular, f,, belongs to
the linear span of the set {v,, |4 =1,...,n} [7,11].

In order to apply the results of Th 3.1, we discuss some reasonable hypotheses
on the choice of the sample x and the noisy datum y. We consider two different
settings.

4.2. Deterministic Discretization

In this section, we consider a framework where the measure px is known, the points
x; are given and the values y; are samples of the datum g without noise, that is,
y; = g(x;). Clearly, this is an ideal framework where the noise is due only to the
finite dimensional approximation [23].

Moreover, we study the reconstruction error of the approximated solution. To
this aim, we assume that g € Im A so that, by (4.7), we can restate the hypothesis
that the noise is zero by the fact that

yi =g(xi) = (f1%.,), Viel (4.9)

We choose the sample in the following way. We consider a family of measurable sets
X1,..., X, C X such that

(1) x; € X; for all ¢ € I
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(3) U;X; = X.
Then we have the following result.

Proposition 4.2. Let a; = px(X;) in (4.1), then

Iyllz, < var |, (4.10)
||A*g—B;7ny||H < 2HfTHHcmc(n) (4.11)
HA*A - B;”B’“”HL(H) < 2ake(n), (4.12)
where o = px (X), k = sup,¢ex [Vl and
c(n) = max (sup Ve = Ve, H) (4.13)
el z€X;
Proof. We first prove (4.12). The definition of X; and a; with (4.3) and (4.6)
gives

||A*A - B;TLBxa"HL(H) = HZ/ (('a'7w>7-¢ Yz — <'7'Ym>7—{ Ve, ) de(:L‘)
i £(r)

< ZPX(Xi) Sél)l() H<'a%c>7—( Yo — <'a%c1:>71 79:1:”5(7-[)

< (e s 12 = e e ) S ()

< 2px(X) (max sup (ally, e — vmm)
€l zeX;
< 2kc(n)a,

so that (4.12) is proved. Moreover (4.9) implies
2 = 2
HyHZ = Zai <fT,’Ymi>H
i=1

<3 px (X)) || I 1
=1

< al I
Finally (4.7), (4.2) and (4.6) give
|A*Ag — By ,Bxny|,, = [(A*A = By . Bxn) £,
which implies (4.11) by means of (4.12). O

We are now in position to apply Th. 3.1. Assume that the exact datum g € Q, g

with 1 <r <3, then (3.7) implies

1820 = 7l < 17wt (5 + 557 ) + a2, (114)
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for any A > 0, so that fz)‘n converges to f1 if A = A, ,, is chosen such that

lim A, =0 and lim c(n)
n—-+oo n—-+oo /\zén

=0.

In the following example we show how to find A = A, ,,.

4.2.1. The problem of differentiating a real function

As a simple example of the above setting, we consider the problem of computing
the derivative of a function g : [0,1] — R, when a finite set of samples y; = g(x;) is
given.

First of all, we rewrite the above problem by means of the formalism of Carleman
operators. Let H'[0,1] be the Sobolev space of continuous real functions on [0, 1]
whose weak derivative is in L%([0, 1], dz), where dz is the Lebesgue measure on
[0,1]. The scalar product in H'[0,1] is given by

-y = F0)90) + [ 1)y @) do.

We define A : H — L?([0,1],dx) as
(Af)(z) = ; ft)de  xe[0,1],

for all f € H. Clearly, Af = g if and only if f = ¢/, so that fT = ¢’ for all g € Im A.
Moreover, a simple calculation shows that, if x € X,

(Af)(@) = (f, 'Yz>H1[o,1}
where v, € H'[0, 1] is given by

2
r4+tr—Lt<zx

Yz (t) = x22
r+5 t>x

Since the function
1 . 1, .
(@,8) = (Yo 1) o,y = wt(1 + B min{z,t}) — g(mln{l‘a t})?

is continuous it follows that - is measurable and, clearly, it is bounded. Hence A is
the Carleman operator associated with the map ~y

[0,1] >z 7, € H'[0,1]

and we can apply the result of Prop. 4.2 with X = [0,1], px = dz, H = H[0,1].
For the discretization, we choose the points xz; = ﬁ for all ¢ = 0,...,n and
X; = [wi—1, @) If A > 0, f7,, is the regularized solution of the discrete problem

/mf(t)dt:g(xi) i=1,...,n,
0
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where f € H'[0,1]. According to Equation (4.8), z)‘n is a linear combination of the
functions +,,, that are quadratic splines: piecewise polynomials of degree two with
continuous derivative [13]. From a numerical point of view, the computation of fz’\n
reduces to compute the inverse of the n x n symmetric matrix

1 1
Ix(zi, ) = zzi (1 + 5 min{z;,z;}) — g(min{xi,xj})s.
To apply Equation (4.14), we notice that o = px([0,1]) =1 and, if 0 <t <z <1,
3+x+2t
R L e, Py

It follows that ¢(n) = g and, letting ¢t = 0, that x = /2. Replacing these bounds
in Equation (4.14) we obtain that

1 (V2 1 _1
120~ Pl < 20 & () s

n\ A
1

In this setting the optimal choice of the regularization parameter is A\, = n~ T+
and, with this choice,

12 = £l = O (757 )

here the parameter r is related to the a priori assumption g € Im LT, which is an
assumption on the smoothness of g [13].

4.3. Stochastic discretization: learning from examples

In this section we consider the framework of learning theory as given in Section 2.
In this setting, px is the marginal distribution of the unknown probability measure
p and H is the (separable) reproducing kernel Hilbert space with kernel K. For all
x € X, we let v, = K., so that the map + is bounded by (2.1) and measurable since
K is measurable®. Eq. (2.2) implies that the corresponding Carleman operator A
is the canonical inclusion Ik and the exact datum g is the regression function f,.
Moreover, with the choice a; = % in (4.1), for any training set z = (x,y) Bx,n is
the sampling operator Sx , and y is the datum of the discretized problem.

Since both Sy, and y are random variables, we need a probabilistic estimate of
the perturbation measure §.

Proposition 4.3. Let r = sup,¢c x [| Kz |3, M = sup ey |y| and § = (61,02) € R3,
then

Bapr [ Iy, > M] = 0 (4.15)

n512

Py pn [ |5 fo = Sxnyll,, > 51] < 2exp <W> (4.16)

aIndeed, the measurability of K and the fact that {K,, = € X} is total in H implies that = —
(Kz, )4 is measurable for all f € H. Since H is separable, this ensures the measurability of .
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6 2
Ll = Sk nSxll gy > 52] < 2exp (—" 2 ) : (4.17)

Farpr [ | 8kt

Proof. The first equation is trivial. To prove (4.16) let & : Z — H be the random
variable

&i(e,y) = Koy — Iic [y
Eq. (4.2) implies that E[§1] = 0. The definitions of x and M ensure that

€@z, y)llyy < 26M. Since Sy — I fo = = 311 & (2, ys), Pinelis inequality (see
Th.3.5 of [36]) gives

. § nd,>

Let L£o(H) be the Hilbert space of the Hilbert-Schmidt operators on H and & :
62(557 y) = <'7 Kx>’}—{ KZL’ - I;(IKu
which is well defined since the first term is a rank one projection and the second
one is a Hilbert-Schmidt operator, see Prop. 4.1. Eq. (4.3) implies that E[¢3] = 0
and the definition of x ensures
1€(2, )| £, 20 < 26%.

Reasoning as above,

* * nod 2
P [ Sun 2 — il o,y > 02] < 2050 <_ - 2:2)2> .

The result follows observing that |||z < [I'll 2, (30)- O

Th. 3.1 with the above probabilistic bounds gives the result claimed at the end
of Section 2. Precisely,

Theorem 4.1. Assume there is 0 < r < 1 and R such that HLI_(TprHp < R and

choose the regularization parameter according to the rule A\, = n~ =1, For any
e>0

Popr | | fan — PLIE > (Ce + R)?mrﬂ <2 (e—cﬂz + 6-0162) (4.18)

where C, C1 and Cy are suitable constants depending only on k, M and r. In
particular

2
. Elllfzn — Pfoll})
lim sup 7 < 40

n—-+00 n~ T+l

(4.19)

The bound (4.19) means that the rate of convergence on average [15] is n~
and (4.19) follows from (4.18) by integrating the above tail inequality. The constants
are explicitly given by

1 1 _2M+1

“ =gz “Tga © 4
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which are independent from the distribution p, whereas the constant R could pos-
sibly strongly depend on p [37].

The error bounds obtained in this paper can be shown not to be optimal in the suit-
able minimax sense [14,37,38]. However, we believe, they deserved to be presented
because of the simplicity of their derivation, and also because of their structure,
which decouples the probabilistic analysis from the dependence on A. This last
characteristic allows a straightforward application of our error bounds to the case
of data-dependent choice of the regularization parameter.

Acknowledgements

We would like to thank M.Bertero, C. De Mol, M. Piana, T. Poggio, S. Smale, G.
Talenti, A. Verri and Y. Yao for useful discussions and suggestions. This research
has been partially funded by the FIRB Project ASTAA and the IST Programme of
the European Community, under the PASCAL Network of Excellence, IST-2002-
506778. This report describes research done at the Center for Biological & Compu-
tational Learning, which is in the McGovern Institute for Brain Research at MIT,
as well as in the Dept. of Brain & Cognitive Sciences, and which is affiliated with
the Computer Sciences & Artificial Intelligence Laboratory (CSAIL), as well as in
the Dipartimento di Informatica e Scienze dell’Informazione (DISI) at University of
Genoa, Italy. This research was sponsored by grants from: Office of Naval Research
(DARPA) Contract No. MDA972-04-1-0037, Office of Naval Research (DARPA)
Contract No. N00014-02-1-0915, National Science Foundation (ITR/SYS) Contract
No. IIS-0112991, National Science Foundation (ITR) Contract No. IIS-0209289,
National Science Foundation-NIH (CRCNS) Contract No. ETA-0218693, National
Science Foundation-NTH (CRCNS) Contract No. ETA-0218506, and National Insti-
tutes of Health (Conte) Contract No. 1 P20 MH66239-01A1. Additional support
was provided by: Central Research Institute of Electric Power Industry (CRIEPI),
Daimler-Chrysler AG, Compaq/Digital Equipment Corporation, Eastman Kodak
Company, Honda R&D Co., Ltd., Industrial Technology Research Institute (ITRI),
Komatsu Ltd., Eugene McDermott Foundation, Merrill-Lynch, NEC Fund, Oxygen,
Siemens Corporate Research, Inc., Sony, Sumitomo Metal Industries, and Toyota
Motor Corporation.

References

[1] A.N. Tikhonov and V.Y. Arsenin. Solutions of Ill Posed Problems. W. H. Winston,
Washington, D.C., 1977.

[2] H. W. Engl, M. Hanke, and A. Neubauer. Regularization of inverse problems, vol-
ume 375 of Mathematics and its Applications. Kluwer Academic Publishers Group,
Dordrecht, 1996.

[3] C. W. Groetsch. The theory of Tikhonov regularization for Fredholm equations of
the first kind, volume 105 of Research Notes in Mathematics. Pitman (Advanced
Publishing Program), Boston, MA, 1984.

[4] M. Bertero, C. De Mol, and E. R. Pike. Linear inverse problems with discrete data.



L

November

isctikho'finale81105 ’

8 2005 11:1 WSPC/INSTRUCTION FILE

18 De Vito E., Rosasco L. and Caponnetto A.

[10]
[11]
[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

21]

[22]

[23]

24]

I. General formulation and singular system analysis. Inverse Problems, 1(4):301-330,
1985.

M. Bertero, C. De Mol, and E. R. Pike. Linear inverse problems with discrete data.
I1. Stability and regularisation. Inverse Problems, 4(3):573-594, 1988.

R. Kress. Linear Integral Equations. Number 82 in Applied Mathematical Sciences.
Springer, Heidelberg, 1989.

G. Wahba. Practical approximate solutions to linear operator equations when the
data are noisy. SIAM J. Numer. Anal., 14(4):651-667, 1977.

C. W. Groetsch. Convergence analysis of a regularized degenerate kernel method for
Fredholm integral equations of the first kind. Integral Equations Operator Theory,
13(1):67-75, 1990.

V. N. Vapnik. Statistical learning theory. Adaptive and Learning Systems for Signal
Processing, Communications, and Control. John Wiley & Sons Inc., New York, 1998.
A Wiley-Interscience Publication.

T. Evgeniou, M. Pontil, and T. Poggio. Regularization networks and support vector
machines. Adv. Comp. Math., 13:1-50, 2000.

F. Cucker and S. Smale. On the mathematical foundations of learning. Bull. Amer.
Math. Soc. (N.S.), 39(1):1-49 (electronic), 2002.

T. Poggio and S. Smale. The mathematics of learning: dealing with data. Notices
Amer. Math. Soc., 50(5):537-544, 2003.

G. Wahba. Spline models for observational data, volume 59 of CBMS-NSF Regional
Conference Series in Applied Mathematics. Society for Industrial and Applied Math-
ematics (SIAM), Philadelphia, PA, 1990.

R. DeVore, G. Kerkyacharian, D. Picard, and V. Temlyakov. Mathematical methods
for supervised learning. Technical report, Industrial Mathematics Institute, Univer-
sity of South Carolina, 2004.

L. Gyorfi, M. Kohler, A. Krzyzak, and H. Walk. A Distribution-free Theory of Non-
parametric Regression. Springer Series in Statistics, 2002.

S. Mukherjee, R. Rifkin, and T. Poggio. Regression and classification with regular-
ization. Lectures Notes in Statistics: Nonlinear Estimation and Classification, Pro-
ceedings from MSRI Workshop, 171:107-124, 2002.

S. Smale and D. Zhou. Shannon sampling I : Connections to learning theory. preprint,
2004.

E. De Vito, A. Caponnetto, and L. Rosasco. Model selection for regularized least-
squares algorithm in learning theory. Foundation of Computational Mathematics,
5(1):59-85, 2005.

T. Poggio and F. Girosi. A theory of networks for approximation and learning. In
C. Lau, editor, Foundation of Neural Networks, pages 91-106. IEEE Press, Piscat-
away, N.J., 1992.

F. Cucker and S. Smale. Best choices for regularization parameters in learning theory:
on the bias-variance problem. Foundations of Computationals Mathematics, 2:413—
428, 2002.

N. Aronszajn. Theory of reproducing kernels. Trans. Amer. Math. Soc., 68:337-404,
1950.

E. De Vito, L. Rosasco, A. Caponnetto, M. Piana and A. Verri. Some Properties of
Regularized Kernel Methods. Journal of Machine Learning Research, 5(Oct):1363~
1390, 2004.

S. Smale and D. Zhou. Shannon sampling and function reconstruction from point
values. Bull. Amer. Math. Soc. (N.S.), 41(3):279-305 (electronic), 2004.

R. Plato and G. Vainikko. On the regularization of projection methods for solving



L

November

isctikho'finale81105 ’

8 2005 11:1 WSPC/INSTRUCTION FILE

Discretization Error Analysis for Tikhonov Regularization 19

ill-posed problems. Numer. Math., 57(1):63-79, 1990.

P. Mathé and S. V. Pereverzev. Discretization strategy for linear ill-posed problems
in variable Hilbert scales. Inverse Problems, 19(6):1263-1277, 2003.

M.T. Nair. A unified approach for regularized approximation methods for Fredholm
integral equations of the first kind. Numer. Funct. Anal. Optim., 15(3-4):381-389,
1994.

M. T. Nair and E. Schock. A discrepancy principle for Tikhonov regularization with
approximately specified data. Ann. Polon. Math., 69(3):197-205, 1998.

M. P. Rajan. Convergence analysis of a regularized approximation for solving Fred-
holm integral equations of the first kind. J. Math. Anal. Appl., 279(2):522-530, 2003.
S. Pereverzev and E. Schock. Morozov’s discrepancy principle for Tikhonov regular-
ization of severely ill-posed problems in finite-dimensional subspaces. Numer. Funct.
Anal. Optim., 21(7-8):901-916, 2000.

A. N. Tikhonov, A. V. Goncharsky, V. V. Stepanov, and A. G. Yagola. Numerical
methods for the solution of ill-posed problems, volume 328 of Mathematics and its
Applications. Kluwer Academic Publishers Group, Dordrecht, 1995. Translated from
the 1990 Russian original by R. A. M. Hoksbergen and revised by the authors.

P.R. Halmos and V.S. Sunder. Bounded integral operators on L? spaces, volume 96
of Results in Mathematics and Related Areas. Springer-Verlag, Berlin, 1978.

S. Saitoh. Integral transforms, reproducing kernels and their applications, volume 369
of Pitman Research Notes in Mathematics Series. Longman, Harlow, 1997.

S. Saitoh Best approximation, Tikhonov regularization and reproducing kernels. Ko-
dai Math. J., 28(2):359-367, 2005.

E. De Vito, L. Rosasco, A. Caponnetto, U. De Giovannini, and F. Odone. Learning
from examples as an inverse problem. Journal of Machine Learning Research, 6:883—
904, 2005.

C. Carmeli and E. De Vito, E.and Toigo. Reproducing kernel hilbert spaces and
mercer theorem. Technical report, arvXiv:math.FA /0504071, 2005.

I. Pinelis. Optimum bounds for the distributions of martingales in Banach spaces.
Ann. Probab., 22(4):1679-1706, 1994.

S. Smale and D. Zhou. Learning Theory Estimates via Integral Operators and Their
Approximations. Technical report, Toyota Technological Insititute, April 2005 (to
appear). Avaible at http://www.tti-c.org/smale_papers/samplI15412.pdf.

A. Caponnetto and E. De Vito. Optimal rates for regularized least-squares algorithm.
Technical report, Massachusetts Institute of Technology, Cambridge, MA, CBCL
Memo 248/AI Memo 2005-013, April 2005.



