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Abstract

This paper is concerned with a new approach to coorbit space theory. Usually, coorbit
spaces are defined by collecting all distributions for which the voice transform associated with a
square-integrable group representation possesses a certain decay, usually measured in a Banach
space norm such as weighted L,-norms. Unfortunately, in cases where the representation does
not satisfy certain integrability conditions, one is faced with a bottleneck, namely that the
discretization of the coorbit spaces is surprisingly diffficult. It turns out that in these cases the
construction of coorbit spaces as Fréchet spaces is much more convenient since then atomic
decompositions can be established in a very natural way.
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Subject classification— 41A30,46E3,46A04, 42C15

1 Introduction

One of the most important tasks in applied mathematics is the analysis of signals. These signals might be
given explicitly, e.g., in image analysis, or implicitly, as solutions of operator equations, say. The first step
is always to apply a suitable transformation. By now, an impressive amount of different transformations
exists, such as the Fourier transform, the Gabor transform, the wavelet transform, or the shearlet transform,
just to name a few. Which one to choose clearly depends on the information one wants to extract from
the signal An important observation is that many of these transforms stem from a square-integrable group
representation, e.g., the wavelet transform is associated with the affine group or ax + b-group. At this point,
the very important coorbit theory comes into play which has been developed by Feichtinger and Groéchenig
in a series of papers [5l [7] [8] [10]. We also refer to [2], Chapter 3.2 and [I] for an overview. This theory
allows for a unified treatment of the different transformations. Moreover, it provides the construction of
natural smoothness spaces, the coorbit spaces, where smoothness is measured by the decay of the voice
transform associated with the group representation. In addition, by discretizing the representation, atomic
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decompositions and Banach frames for the coorbit spaces can be obtained. To apply this theory, besides the
square integrability, a second very important condition has to be satisfied, namely, the reproducing kernel
associated with the representation has to be contained in a weighted Li-space. Unfortunately, in some
natural cases, this assumption is not satisfied, see, e.g., Section [5| Nevertheless, in [4], it has been shown
that the coorbit theory can also be generalized to this case. Then, the space of distributions from which the
coorbit spaces are constructed, has to be modified. Instead of using the dual of a Banach space, it is more
suitable to choose the dual space of a Frechet space. By proceeding this way, coorbit spaces can again be
constucted. So far, so good. But this is only half the truth. When it comes to practical applications, clearly
only discrete data can be handled, and therefore a suitable discretization, e.g., an atomic decomposition
and/or a frame is needed. For the Frechet setting, this turns out to be surprisingly difficult. This problem
has been intensively studied in [3], but the results look in a certain sense ugly and suboptimal. Then the
question arises what might be the reason for this. One conjecture could be: the test and the distribution
spaces are Frechet spaces, but the coorbit spaces are Banach spaces. Maybe it is more natural to define the
coorbits also as Frechet spaces? In this paper, we follow this line of research. And indeed, it turns out that
under some reasonable conditions the existence of an atomic decomposition can be established in quite a
natural way. This supports our feeling that we follow a feasible path.

Outline The paper is structured in the following way. We start by recalling basic facts from coorbit
theory on Fréchet spaces in Section 2] Then, in Section 3, we introduce our new concept of coorbit spaces as
Frechet spaces. Then, in Section E[, we state and prove our main result which provides atomic decompositions
in Frechet coorbit spaces. In Section [5] we provide and analyze two examples of coorbit Fréchet spaces,
namely Shannon wavelet spaces and generalized modulation spaces. Some useful facts are proved in the
appendix.

2 An Overview

In this section we introduce the notation and the basics of coorbit theory on Fréchet spaces, as introduced

in [4] and then summarized in [3]. For details the reader is referred to the aforementioned literature.
Throughout this paper G denotes a fixed locally compact second countable group with a left Haar

measure and with modular function A. We denote by /G f(x) dx the integrals with respect to the Haar

measure and by Lo(G) the space of Borel-measurable functions. Given f € Lg(G) the functions f and 7 are

f=fa,  f)=rf),

and for all x € G the left and right regular representations 4 and p act on f as

A0 f ) =fx"ty)  aeyeG,
p(x)f (y) = f(yx) aeye€G.

The convolution f * g between f,g € Lo(G) is the function
rre= [ 70070 dy= [ F0)- Q@@ ay  ae. xeG.
G G

provided that the function y — f(y) - (1(x)g)(y) is integrable for almost all x € G.
We fix a continuous weight w : G — (0, o) satisfying

w(xy) < wx)w(y), (1a)
w(x) = w(x_l) (1b)



for all x,y € G. It is worthwhile observing that the above properties imply that

inf w(x) > 1.
A

For all p € [1, o) the corresponding weighted Lebesgue space is the separable Banach space

Lpw(G) = {f € Lo(G) ‘ /GIW(X)f(X)Ip dx < 00}

with norm
I, = [ .

and the obvious modifications for Lo (G), which however is not separable. When w = 1, that is, in the
unweighted case, we simply write L, (G).
With terminology as in [4] we choose, as a target space for the coorbit theory, the space

7;\2: ﬂ Lp,w(G)-

1<p<oo

We recall some basic properties of 7y, (see Theorem 4.3 of [4], which is based on results in [6]). We
endow 7y, with the (unique) topology such that a sequence (fy)en in 7y, converges to 0 if and only if
lim,,ﬁ+o<,||f”||Lp’W =0 for all 1 < p < co. With this topology, 7, becomes a reflexive Fréchet space. The (an
ti)-linear dual space of 7, can be identified with

U, = span U Lq’w—l(G)

1<g<oo

under the pairing
/qux)mdx:@,m, ® € Uy, f €T (2)

Take now a (strongly continuous) unitary representation m of G acting on a separable complex Hilbert
space H with scalar product (-, )¢y linear in the first entry. We assume that x is reproducing, namely that
there exists a vector u € H such that the corresponding voice transform

Vv(x) = (v, m(x)u) 4y, veH,xeaq,

is an isometry from H into La(G). In this case, u is referred to as an admissible vector. We observe that this
implies that V is injective, when span {m(x)u},cq is dense in H. We denote by K the reproducing kernel
associated to u, namely

K(x) =Vu(x) = (u, n(x)u)qy, xeG,veH.

It is a bounded continuous function and enjoys the fundamental properties:

K=K,
n
Z cic_jK(xi_lxj) >0, cl,...,cn €C, x1,...,xn € G,
i,j=1
K+K=K € La(G).

For the remainder of the paper, we will work under the following basic hypothesis.
Assumption 1. We assume K € Ty, i.e,

KeLpw(G) foralll < p < oco. (4)



Observe that if w™! belongs to L4(G) for some 1 < g < oo, then Hélder’s inequality shows K € L1(G),
but in general K ¢ L1,,,(G). Indeed, in many interesting examples w is independent of one or more variables,
so that w1l ¢ L4(G) for all 1 < g < co. Thus, in these circumstances there is no guarantee that K € L1(G)
and in fact in some known instances (see below) this does not happen.

Another key ingredient of the coorbit theory is given by the test space S,y , defined as

Sw ={v€7‘( \ Vv e Lp w(G) for all 1 <p<oo},
which becomes a locally convex topological vector space with the family of semi-norms
vllp.s, =IVviL,,,-
We recall the main properties of Sy, .
Theorem 1 (Theorem 4.4 of [4]). Under the assumption , the following properties hold true.
1. The space Sy, is a reflexive Fréchet space, continuously and densely embedded in H.
2. The representation © leaves S, invariant and its restriction to S, is a continuous representation.

3. The space H is continuously and densely embedded into the (anti)-linear dual S},, where both spaces

are endowed with the weak topology.
4. The restriction of the voice transform V : Sy, — Ty is a topological isomorphism from S, onto the
closed subspace M™ of Ty, , given by
MM ={feTy | f+K= [},

and it intertwines m and A.
5. For every f € Ty, there exists a unique element n(f)u € Sy, such that

(m(fu, vygy =/ S (m(x)u, vyqy dx = / f(xX)Vv(x) dx, vewH.
G G
Furthermore, for every f € Ty

Vra(flu=f=K,

the map
Tw 2 fra(flueSy

is continuous and its restriction to M7 is the inverse of V.

Here and in what follows the notation 7 (f)u is motivated by the fact that any function f € L1(G) defines
a bounded operator 7 (f) on H, which is weakly given by

@UWWM=Lf®@@waw, WV e H,

see for example Sect. 3.2 of [9]. However, if f ¢ L1(G), then in general 7(f)v is well defined only if v = u,
where u is an admissible vector for the representation 7.

Recalling that the (anti-)dual of 7y, is U, under the pairing , we denote by 'V the contragradient
map V: U, — S}, given by

(VO,v)g, = (D, V), ®ecUy,,veS,.

As usual, we extend the voice transform from H to the (anti-)dual S}, of Sy, where S, plays the role
of the space of distributions. For all T € S;, we define the extended voice transform of T by

VeT (x) =(T,n(x)u)s,, , x €@,

which is a continuous function on G by item [2) of the previous theorem and (:,-)s, denotes the pairing
between S,,. Here S}, whereas (-, )y, is the pairing between 7;, and U, .
We summarize the main properties of the extended voice transform in the next theorem.



Theorem 2 (Theorem 4.4 of [4]). Under assumption , the following facts hold true.

1. For every ® € Uy, there exists a unique element n(®)u € S}, such that

(r(@)u,v)s,, = / D (x)(m(x)u, vigydx = / O(x)Vv(x) dx, veSy.
G G
Furthermore, it holds that
Ver(®)u =D =K.
2. For allT € 8}, the extended voice transform VeT is in Uy, and satisfies
VT =V,T K, (5)
(T,v)s,, = VeT, Vv, veSy. (6)

3. The extended voice transform Ve is injective, it is continuous from S}, into Uy, (when both spaces are
endowed with the strong topology), its range is the closed subspace

MU = (D e U, | K =]} =span U MLpw(G) Lo w-1(G)
pe(l,00)
and it intertwines the contragradient representation of s, and )q,, -

4. The map
MU 5@ n(d)ue S,

is the left inverse of Ve and coincides with the restriction of the map 'V to MUw | namely
Ve('V®) = Verr(@u=®,  de MU,
5. Concerning the double inclusion Sy, — H — S,,,, we have

Sw={Tes, |VeTe'i;,}={7r(f)u‘feM77”}.

Item [2)) of the previous theorem states that the voice transform of any distribution T € S, satisfies the
reproducing formula and uniquely defines the distribution 7' by means of the reconstruction formula @,
i.e.

T = / (T, n(x)u)s, m(x)u dx,
G
’

where the integral is a Dunford-Pettis integral with respect to the duality between S,, and S;,, see, for
example, Appendix 3 of [9].

3 Fréchet Coorbit Spaces

In this section, we present our new construction of coorbit spaces as Frechet spaces. For simplicity, we
will restrict ourselves to the case where the coorbit spaces are related with intersections of weighted L -
spaces. In particular, we will show that the most important result in the realm of coorbit space theory, the
Correspondence Principle, also holds in our case, see Theorem [ below.

We fix a w-moderate weight m, i.e. a continuous function m : G — (0, c0) such that

m(xy) < w(x) - m(y) (7
m(xy) < m(x) - w(y).



The above conditions are equivalent to

m(xyz) < w(x)-m(y)-w(z) forallx,y,z€G
up to the constant w(e). It is worth observing that if m is a w-moderate weight on G, then so is m™!, see
Lemma 4.1 in [3].
Appealing again to the terminology used in [4], we choose as a model space Y for the coorbit space theory
the Fréchet space (see Theorem [3| below)

Y= () Lpm(G).

1<p<o

instead of the single Banach space Ly ;,(G) as it is done in [3]. The space Y is endowed with the initial
topology that makes all the inclusions tp: Y < Lp »(G) continuous. It is worth pointing out that the
notation 7, to denote Y would be improper because m is neither necessarily submultiplicative nor symmetric.
In particular, the general properties enjoyed by 7, are not automatically satisfied by Y, but hold in the
sense clarified in the next result.

Theorem 3. 1. The space Y is a Fréchet space continuously embedded into Lo(G) via the natural
inclusion j: Y — Lo(G). Furthermore

Y’:Yﬂ: U Lp’m—l(G),

1<p<oo

where Y# = {g € Lo(G) |gj(f) € LY(G) forall f € Y} is the Kothe dual of Y.
2. The left regular representation leaves Y invariant and its restriction to Y is a continuous representation.
3. For all f €Ty and F €Y, it holds that fF € L1(G).

Proof. 1. This is a consequence of Theorem 4.3 in [4] with w replaced by m because the proof does not

depend on the properties and of w.
2. This is a consequence of Theorem 4.3 together with Lemma 4.2 in [4]. The proof of the latter is based

on the sub-multiplicative property of w, which may be replaced by , namely
Lo ay= [ men o ay s wewr [ oo .

3. Theorem 4.3 in [4] shows that Y € U, = ‘7;“3 Further, the symmetry property gives

m(e) =mGx™1) < m@)wx™) = mx)w(x)

and hence
wl(x) < m(x).
m(e)
The definition of Koéthe dual then entails that fF € L1(G) for every f € 7,, and every F €Y. O

Following the usual steps of the theory, the coorbit space corresponding to Y is defined by
Co(Y)={T €S, | VT €Y},

i.e., Co(Y) is the vector space

Co(¥)={Te S, [VeTe () Lpm(G = () ColLpm(G)).

1<p<co 1<p<oo

We summarize the main properties of Co(Y) in the following result, which is an adaptation of Proposi-
tion 4.1 of [3] to the present setup.



Theorem 4. 1. The image under the extended voice transform of the coorbit space is
Ve(Co(Y))={FeY | FxK=K},

a closed subspace of Y denoted MY .
2. For all f € MY, the Fourier transform n(f)u given as in Theorem by

x(Puvds, = /G FEOEE W gdr, v e S,

belongs to the coorbit space Co(Y).

3. The extended voice transform on Co(Y) and the Fourier transform on MY at u satisfy

Ve(n(f)u)y=f,  fem¥
a(VeT)u =T, T € Co(Y).

4. Ve is a bijection from Co(Y) onto MY whose inverse is the map f — n(f)u.

Proof. Proposition 2.2 in [4] ensures that for every f € Y the convolution f * K is well defined. Indeed, the
asumption that K € Y# used in the proof is equivalent to assuming that fK € L1(G) for every f € Y, and
this is satisfied by the first item in Theorem [3| because K € 7;,. Further, Proposition 2.4 in [4], whereby
one has to take E = S,,, ensures that n(f)u is a well defined element of S;, for every f € Y. Indeed, the
requirement (13) of that proposition is satisfied because it consists in the fact that fVv € L1(G) for all f €Y
and every v € Sy, which is implied by the last item in Theorem [3| because Vv € 7y,. The content of the
present theorem is then the same as that of Proposition 2.6 in [4], where again one has to put E =Sy, and
also F =Y. Indeed, as already observed, condition (13) in [4] is satisfied. Hence (15) in [4] holds true for
every f € Y, namely V, (n(f)u) = f = K, but since MY C Y we have

Ve (n(f)u) = f+K=f

for every f € MY. Therefore V, (n(f)u) € ¥ and hence n(f)u € Co(Y) for every f € MY . This proves 2 and
the first equality in 3. In order to conclude it is enough to show that VT« K = V,T for every T € Co(Y). If so,
then Lemma 2.5 in [4] tells us that this is equivalent to the second equality in 3. The fact that V.7« K = VT
for every T € Co(Y) is exactly (21a) in Proposition 2.6 in [4]. O

By means of the above theorem, which will be referred to as the Correspondence Principle, it is possible
to endow Co(Y) with a natural Fréchet topology, simply by transfering via (the inverse of) the extended
voice transform V, the Fréchet topology that MY inherits as closed subspace of Y. The idea of transfering
the topology using the extended voice transform mimics the strategy that is taken in the Banach space
setup where the coorbit norm is defined using the Correspondence Principle.

4 Atomic Decomposition

After the topology and the properties of the generalized coorbit spaces Co(Y) have been established, the
next task clearly is the construction of suitable discretizations of these spaces, i.e., to provide some kind of
an atomic decomposition. The first question is what an atomic decomposition of a Fréchet space should
be. In the classical coorbit setting, this means that there exists a countable family of functions in the
coorbit space, the atoms, such that every element can be written as a linear combination of these atoms,
and that norm equivalences of the coorbit norms and weighted sequence norms of the coefficients hold. Now,
these norm equivalences can be interpreted as the fact that linear mappings from the coorbit spaces to the
weighted sequence spaces are continuous, and vice versa. On a Fréchet space, one does not have a norm, but
nevertheless a topology so that continuity of mappings is well-defined. Therefore, the following definition
arises naturally.



Definition 1. Let F be a Fréchet space, and let b(A) be a sequence space. A set {a}iepn C F gives rise to
an atomic decomposition if every f € ¥ has an expansion

f= Z ca(flaa

AeA

and the mappings
(i) Analysis:
A1 F— b(A), A(f) ={ca(f)}aen
(%) Synthesis:
S b(A)—>F.  S{dataen) = daa
AeA

are well-defined and continuous.

To establish such an atomic decomposition for Co(Y), observe that by Theorem 4] , and thus by the
topology defined on Co(Y), it is enough to prove an atomic decomposition for MY . As in the classical
setting, we are looking at atoms of the form Lg, K where {g;};cs is a suitable family of elements in G and
the corresponding coefficients are given by

ai(f) ={f> i),

where {¢;};ie is a suitable partition of unity of G. To this end, we start with a Q-dense set in the group G,
whereby Q is a compact set with nonvoid interior and e € Q. Then, a countable family X = (g;);cs is said
to be Q-dense if U;crgiQ = G. Moreover, let ® = (¢;, X, Q) denote a partition of unity subordinate to the
(Q-dense set X, i.e.,
suppg; € giQ, 0<¢;<lforalliel, » ¢;=1.
iel
Based on such a partition of unity, our discretization operator is defined as follows:
Jp(F) = Z(F, ¢i)Lg, K
iel

The first step is to show the continuity of this operator. We need the so-called Q-oscillation, which is
defined by:

osco(F) = Sug [F(qg) — F(g)l.
qG

Lemma 5. Let ||och(K)||quw < oo forall 1<q<oco. Then the map Jg : MY > MY defined by
Jo(F) = Y (F,$i)Lg;K
iel
18 conlinuous.

Proof. Let F e MY. Then F € Lp,m for all p > 1. If we show that Id — J4 is continuous, then clearly also
J g is continuous. We start with a pointwise estimate. The reproducing kernel property and the fact that ®



is a partition of unity imply

|(Id = J)(F) ()]

-1 B ] -1
[ rtokGan= Y [ Fos ik s o

iel

| PO 6K () - K7 )

iel
< / (O~ IF(h)gi(h) sup (K (h™'g) = K(gh™" g)\dh)
iel q€Q
< IF(h)] ) ¢i(h)osco (K)(h™ g)dh
Joron g
< (IF| * osco(K))(g).

Then by the generalized weighted Young inequality we obtain, for 1/p+1/g=1+1/r,

IF = Je(F)llL,,, s IF|*osco(K)lL,,, s IFllL,,,llosco)lL,,, -

By our assumptions on oscg(K) and the definition of Fréchet topology the result follows. O

Now, we are in position to state and to prove the main result of this paper.

Theorem 6. Assume that Jp is injective with continuous left inverse J(f)l. Then
(i) Every T € Co(Y) can be represented as
T= (Vy(D),d:)Vy g Lg.K (13)

el " —, ™, — —
coefficients atoms

(i) Set
b= () Com-

1<p<oco

If in addition ||OSCQ(J<I>1K)”L,;,W < oo for alll < p < oo, then
(V0o Lo K icr
gives rise to an atomic decomposition of Co(Y).
Proof. We start by showing (i).
-1
F = J¢ JoF

= J;!

o | D (F 0L K

iel

= DU TG LeK
iel

where F € M, the reproducing kernel space. Then for 7 € Co(Y) we get by the Correspondence Principle i
.., by applying Theorem [

Vy (T) T3 TV (T)

T3 | 2 Ve (D). ¢ Lg K
iel
DV (1), i) 5 Lo K

iel




and therefore,

~
I

V¢31V¢ (T)

DV (1), i) Vg T L, K
el — " —,
coefficients atoms

and (i) is shown.
The next step is to prove (ii). We have to show that:
S: b(A) — MY
{citier + Z cily Lo, K
iel
is well-defined and continuous
A: Co(Y) — b(A)
T = {(VyT,¢i)}ier
is continuous.

If this is established, then the result follows by the Correspondence Principle. We start with the operator
A. By [2] p. 98, eq. (3.27), we observe that

ICF. ¢idYierlle, . S IIFIL, -

Then,
I{Vy (T). ¢ }ierlle, . < IVy (DL, ., <ITl,,, -

Now we consider the operator S. At first, we observe

« (och(J;K) + |J;1K|) (0

| D cil5 K) (gt oDl < (Z leil X0

iel iel
see [2], p. 100, Lemma 3.18 for details. Then,

(Z leilxg,0

iel

1 i K (7 0 )Ly, < + (0seQ (U5 K) + 175'K1) ()

iel Lpm

and applying the generalized weighted Young inequality with 1/p+1=1/q+1/q’ yields

(Z leilxg.0

iel

« (och(J(glK) + |J;1K|) )

Lpm

<

> leilxg0()

. Hoch(J;}K) + |J(;1K|(~)”L )
iel a’sw

Lgm

By our assumptions, [losco (J(;lK)HL ,

q’\w

and ||(J3'K) ()|l . are finite. Therefore, by using Lemma 3.18 in
(25 q’,w
[2], we obtain

I Z ci(J5 K (gt o)L, < Ieierlle,
iel

and (ii) is shown. m]

10



Remark 7. (i) It is one of the advantages of our approach that the norms of the Q-oscillations cor-
responding to K and J;lK, respectively, do not have to be uniformly bounded, they just have to be

finite.

(#) In many cases, an explicit formula for J;l will not be available, so that, at first glance, it seems to
be diifficult to estimate the norms of the Q-oscillation of J; K. However, although the coorbit spaces
might consist of ugly distributions, the reproducing kernel spaces are usually spaces of nice, smooth
functions, so that in many cases the norms of the Q-oscillations turn out to be finite for all functions
in the reproducing kernel space which is clearly sufficient. We also observe this fact in the examples
discussed in Section [3

(#111) It is clearly a drawback that currently no general conditions that guarantee the injectivity of J4 are
available. Fortunately, usually this property can be checked directly, see Section[3 In the classical
setting ot coorbit Banach spaces, injectivity and even surjectivity is proved by a Neumann series
argument. Of course, the Neumann series setting can be generalized to Fréchet spaces, but in our case
this series would not converge for this would require a uniform bound of the Q-oscillations.

(iv) From the examples studied in the following section, we observe that, to show the injectivity of Jg,
it is not absolutely necessary to choose a very small neighbourhood Q. Nevertheless, in practical
applications, a small set Q (which implies a denser set X = (g;);icr ) might be advantageous since the
constants depend, among other things, on ||och (J;lK)HLq, N which most likely will grow as Q gets

larger. Moreover, as we will see in Section[d , to show the continuity of the left inverse, sometimes a
denser sampling is helpful.

5 Examples of Coorbit Fréchet Spaces
5.1 The Shannon Case

As a first example, we study spaces of band-limited functions. Let G denote the additive group R with
Lebesgue measure. Then G acts on the Paley—Wiener space

H = B?z ={f € La(R) : supp(f) € Q}, Q compact interval
by translations, 7(b)v(x) = v(x — b) The following facts are well-known:

Theorem 8. It holds

RVAS Bé is admissible if and only if || = 1 almost everywhere on Q. Then, the reproducing kernel is
given by
K= W, a0 =T " xo-

1) If Q= [-w,w]
K(b) = 2w sinc(2wb),

if we use the standard notation sinc(x) = sin(nx)/(7x).

Consequently, the underlying representation is square-integrable, but of course it is not integrable.
Therefore, it fits into our setting.

5.1.1 Fréchet coorbit spaces

The Fréchet coorbit spaces are given by choosing ¥ = (1,51 Lp,m(G), namely:

Co(Y) ={f eS| Vyfe ()] Lpm(G)}
p>1

11



and the resulting reproducing kernel spaces are

MY =(Fe ﬂ Lym(G) | F+K=F}.
p>1

Remark 9. Since the voice transform V : H — La(R) is the canonical inclusion, & is the restriction of L to
H and Co(Y) = MY, compare with Proposition 4.8 of ).  For simplicity, for any ¢ € La(R) and any € € Z
we write 1(€)¢ = Led = ¢p.

As a consequence of the results of the previous section we have the following theorem, whose proof is
the content of the next sections.

Theorem 10. Fix the weights m =w = 1. If y € L2(R) is such that |y (x)| =1 almost everywhere on Q, then
{mey}eez is an atomic decomposition of Hy, and the coefficients are given by

ar(f)=Vef.de) LEZ
where ¢ = (x[0,1) * X[0,1))(- + 1) is the centralized cardinal B-spline No and, for any L € Z, ¢¢ = L¢¢.

Remark 11. (i) The case of weighted spaces can also be treated, at least for the case w = m. (Although
this might be of limited use since, due to the bad decay properties of the Shannon kernel, only weights
of logartihmic type can be handeld. ) Only the estimation of the norms of the weighted Q-oscillation
requires some care and is achieved using the Sobolev embedding theorem in the way that is explained
in the next section. Hence the appropriate inequalities are detatiled below.

(i1) In [§)], it has been shown that in our setting the Lp-Banach coorbit spaces coincide with the Paley-
Wiener spaces,
Co(Lp(R)) = BY.
Therefore, we observe the interesting fact that
— P
Co(v) = ) B,

p>1

Consequently, although the discretization of Co(Lp(R)) = Bg turned out to be rather complicated, see
again [3] for details, an atomic decomposition for their intersection can be constructed in quite a
natural way.

From now on w =m = 1. We choose Q = —[1, 1], so that the Q-dense set is simply given by the integers
Z. The associated partition of unity can be constructed by the integer translates of the centralized cardinal
B-spline N2 := (x[o,1) * X[o,1))(- + 1), i.e, ¢ = Na(- —k),k € Z.  We observe en passant that of course

¢(¢) = sinc?(n¢).

5.1.2 Injectivity

The first step is to show that
J¢ = Z(Fa ¢i>Lg;K
iel
is injective. Suppose that
sin(27(- — k))

57— F) for some Fe MY,

0=Jg(F)= > (F,¢r)

keZ

Applying the Fourier transform yields

0= Z(F, ¢k>e_2”ik§,\([,1,1)(§)%, for almost all & € R,
keZ
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and therefore
(F,px)y=0 forall keZ.

Then, by using the reproducing kernel property and Plancherel’s theorem we get
0 = (F.¢)=(F*K.¢x) = (F+K.r)

1
(ﬁk, ¢Ae—27rik(')> — / F(f)(sinc§)262ﬂik§d‘f,

This means that all Fourier coefficients of F(€)(sinc §)2|[_1’1] vanish, so that F(€)(sinc&)?| [-1,1] = 0. But
since (sinc&)?2 is positive and F is band-limited, F is zero, so that finally F = 0. Therefore, J4 is injective.

Remark 12. From the above calculations, it it clear that also the case of a finer lattice, say hZ, can be
handled in a similar fashion. Moreover, other values of w are no problem.

5.1.3 Continuity of the Left Inverse

In order to apply Theorem |§I, we have also to verify that the left inverse Jg)l is continuous. To this end, we
consider a specific partition of unity ® and therewith a concrete, sufficiently dense sampling setting. For this
specific case we will be able to provide an explicit description of Jp enabling us to derive a bound for J&)l.

The partition of unity is given as above but for more flexibility we introduce a variable interval width t,
and write

0(x) = x¢ * xr(x),
where
) 1 ifxe[-1/2,7/2]
X) =
Xr 0 elsewhere,

so that clearly supp(¢) = [-7,7]. We define the partition of unity by normalizing ¢, namely

4r(0) = 1600 = e 5 e ().

Let now

P (x) = dr(x — gp).

IRACES!

keZ
and thus, the family {¢ }rc7 forms a partition of unity. It follows that

Then, upon setting g, := 7k, we have

F(1)(€) = T (¢7)(£)e28kE = rsine? (ré)e™ 2718k,

We with help of Theorem [§] we have

JoF(b) = D (F, ¢ Lg K(b) = ) (F,¢1)K(b—gr) = Y (F, i) 2wsinc(2w (b - gr)) -

kel kel kel

The choice of the partition of unity (grid density) has a significant impact on the boundedness of J;l. We
pick 7 = %, which implies g; = % Notice that a grid with e.g. 7 = 1/w would not yield the desired
result, as a consequence of the Poisson summation formula. Our specific choice leads to

(&) = —sinc? (if) ¢ 2ing
2w 20w

13



-k
and therefore, as ey (&) := \/447)(52’”%

normalized because ||ek||2L2(g) =1/2, we obtain

¢ forms an orthogonal basis for L2(€), which is actually not

20(F, ¢i) = /_wlﬁ(f)sinc2 (%g) eQﬂi%fdé‘ — ﬁ(%)
N— —————

=F (&)

It follows, similarly to the Shannon-Nyquist sampling theorem, that

~{ k . k ~
JsF(b) = ];ZF (%) sinc (Qw (b - %)) = 2F(b) = 4w (F ¢ 1 )(b)

or, equivalently,
JoF =4wF ¢ 1 .
2w

As F e Bé we have that F € Bé and hence JpF € B2, and therefore,

~ 1 e\ 2=
F=—(Vwwldol) oL JoF . (34)

which exists since |¢ 1| has its zeros outside [-w, w]. ( Observe that for this argument the denser sampling
2w

is necessary). Due to (34]) the (left/right) inverse Jg)l of some G € Bé can be expressed as a convolution of

the form

-1
J$ G

_ 1 e \2—=
7! (E (X[—u),w]|¢ﬁ|) ¢i) * G

ﬁy—-—l (()([—w,w]k;;%')_z) * 1 (=)*G .

Applying the generalized Young inequality yields for 1+1/r=1/p+1/gand 1+1/p=1/t+1/s

Gl -

o = o, el

We observe by the support properties of ¢ 1 that
2w

o], = @

and if > 1 that (see Appendix

”T—l ((X[_w’w]|@|)_2) <C<w. (38)

L

Therefore, we finally obtain

(4w)1/s
4w

for which we have the relation 2+ 1/r=1/t+1/s+1/q. As qb% belongs also to L; it can be simplyfied to

173" GllL, < ClGl,

1+1/r=1/t+1/q or equivalenty r =tq/(t + q — tg). For each r > 1 we find some g > 1 while fulfilling 7 > 1.
Setting r = g = 1+¢&, we have r = (1+¢)/(1 —¢) > 1 while ensuring 0 < £ < 1 and we obtain &€ = (r —1)/(r+1)
and hence ¢ =2r/(r +1) > 1.

Now, we obtain a first intermediate result: the existence and continuity of the left inverse imply by
Theorem |§| the existence of an expansion of the form .

14



5.1.4 Atomic Decomposition

The next step is to establish the atomic decomposition property. Due to Theorem [f], we have to show that
the Lp-norms of the Q-oscillation of J;lK are finite. To this end, we prove that this property holds for all
elements in the reproducing kernel space. We start with some useful observations.

i) Let F e MY, then F € C*®, since

d'l n n

d d

ii) In Appendix , we show that the Shannon kernel satisfies

n

WK € Lp . for all P> 1. (40)

iii) Then %F e MY since

4" a" da"

dxn
and, , by the Young inequality,
d" da" dn
—F| =|F K| sI|IF —XK| , 1/p+1/g=1+1/r, 41
den . ' o], =W [SEK], o v =1ens (41)

and for any r > 1, we find p, ¢ such that 1/p+1/g=1+1/r.
Therefore, by combining , and , we obtain

MycﬂﬂW§

p>1k>0
where W1’§ denotes the Lj-Sobolev space of smoothness k. We know that
llosc (F)liz,, < e

if
Fe Mg(Lp,w) ={F € Lo(G) | IIFlliLo(0) € Lpw}

see [3] p.86, Lemma 4.3. (fortunately, it is not needed that |loscg(F)||L, is small, it only has to be finite).
We need to show ||F||z_(g.) € Lp- To this end, we use the Sobolev embedding theorem as illustrated, in the
DeVore-Triebel diagram:

s compact embedding

s=1/p
Sobolev embedding line

Nl=
—

(0,0)=Leo

Sl

15



Here, the point (1/p,s) corresponds to the Besov space Bf,’p, where BZ,P = Wls, for s ¢ N. We see that for all
p > 1 the spaces WI% embed into L. Therefore we get for any function F in the reproducing kernel space

[(1F1n) a s [ (IFlwzo) @
[ gl

- 2/,
. ;/[Q'i_ipwm
- 2L

F|IP ,du=|F|” /du<00.
/Q 1P =PI, |

This is true for all F € MY . But J;lK is contained in MY and therefore,

A

dx
Lp(Q'x)

A

dk
el

p
dudx

k
4
dxk

P
dudx

dk p
JF(M +X) dxdu

llosco (J4' K)llL,, < oo,
and we are done.

Remark 13. As mentioned earlier, we are now in a position to show how to handle the case w =m. We
know that

”OSCQ(F)”LP,W < 00

if F e Mg (Lp,w). Using as before the Sobolev embedding theorem, we get

ooy, = [IFIE gy
2
dn P
< —F(u+x)| duw(x)Pdx
2 ) Jolae
2
ar p
< —F(u+x)| wx)Pdxdu
22 Jo Ll
2 dn p
_ Z//—nF(x') w(x’ — w)Pdx’ du
n=0 0 JR dx
2
an p
S w(—u)Pdu /‘—F(x') w(x")Pdx’
/Q ,;) R | dx
<

w(—u)Pdu |F|IP , .
[ e,
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The weighted Young inequality, applied to the case m = w, implies that

IFIP, <o VFe MY
p.w

Since JZ[K e MY | the result follows.

5.2 Modulation Spaces
Modulation spaces are based on the translation and modulation operators on functions, namely
Taf (1) = f(t1=a). Mpf(1)=e*"""f(1)
with corresponding Fourier transforms
Taf =M-af. Myf=]Tp).
The reduced Heisenberg group H; is the locally compact group H, = R?¢ x T with multiplication and inversion
iﬂ(x'w—xw’))

X w,2)(x, 7)) =(x+x, w+w, ze (x,,2) 7t = (=x, ~w, 7).

The (group) convolution of f, g € L1 (H,) is given by
(P = [ 0o e (0o ) o) ddo'ds
= /H f(&x' ' 2)e (x -xw-w, z?e”i(xl“’*‘“/x)) dx’dw’dz’.
Introducing the mapping j: C* 5 CHr defined on F: R2 — C by

(JF)(x,0,2) = 2™ “F(x,w),

which induces an isometry from Lo(R2) into Lo(H,) the convolution can be rewritten as

(JF *jG)(x, w,z)

— s ) R o
/ Zeix w F(x',w')G(x—x',w—w')Zz'e mi(x' w wx)em(x x')(w ‘”>dx'dw'dz'
,

— eﬂiwa/ F(x',0)G(x —x" 0w~ wr)e27rix/(w’_w)dxldw,
R2

J(FOG)(x,w,z2)

where F 0 G is given, for F,G € L1(R?), by:
(FOoG)(x,w) = —éz F(x',w)G(x —x",w — w)e2™¥ (W' =0) 4,/ q/.
Therefore the mapping j intertwines the group convolution on H, with ©, that is
JF#jG=j(FoG)
for, say, F,G € L1(R?). The Schrodinger representation r : H, — U(L2(R)) is the unitrary representation

given by ) .
(ﬂ(x,w,z)f)(t) = Ze—7r1xwe27r1twf(t -X).

17



The corresponding voice transform is

Ve (f)(x,w,z2) = (f,ﬂ(x,w’z)g) = /Rf(t)ze—ﬂixwe2niwzg(t —x)dt

= ze™¥w / f()e2miwtg(r — x)dt
R

= j(Ugf)(x’ws Z),
where
Us(P) () = [ FOT G =) dt = (. MuTio)
For the function g = X[-111= £, we consider the reproducing kernel
K(r.0) = Ugg(x.0) = [ gO5T= 0 dr = (@),
R

[
hx (1)

Its Fourier transform is given by
k(g, n) :/ flx(w)e—Qﬂixfe—Znirlw dxdw = / hx(—n)e_zﬂixf dx
R2 R

= / g(=mg (= —x)e”>M¥E dx = g(-n) / g0r — e dy
R R

= g(-n) (&) e*™¢
= X[-4,1) (1) sinc(§) €2717E. (48)

We have that K € L, (R?) for all p > 1, but K ¢ L1(R?).

Remark 14. From a practical point of view, our choice of the window function g might not be optimal. It
possesses a very good time localization, but the frequency localization is bad. Very often, one strives fo a
compromize and uses, e.g., the Gaussian window. Nevertheless, as a test example for our theory, our choice
is fine.

Let
M={FeLyR?:FoK=F}.

‘We will need the Fourier transform of functions in M.

Lemma 15. For every F € M it holds that

F o K(£,7) = sinc(£)e2™¢7 / F(&',n) sinc(g)e 271E" 1 a¢’.
R
Proof. Since F € M, we have
F(é.n) =FoK(n)

= / / F(x', 0 )K(x — ¥, w — ' )e2™¥ ('-0) (=27x& =270 4y q0,dx’ dw’
R2 JR2

=/ (/ K(x —xw- w/)e—Qnix'we—Wrix.fe—27rian] dxdw)e2”ix,wlF(xl,w’) dx’dw’
R2 \JR2

— / (/ K(x,w)ef27rix56727riw(x’+n) dxdw)F(x/7w/)efznix"fef%riw’;] dx’de’
R2 \JR2

:/ K&, X +n)F(x', w')e 2Mx & o=2mw'n 4,7 q." |
R2

18



Using now 7 we obtain

Fe =sinc(@™€n [ Fryg
Rz

— i 4
N l](X’*’U)e 2rinw dx’dw’
2°2

= sinc(&)e27i¢N /R2 F(x'-n, w'))([ ](x')e_Q”i"‘”, dx’dw’

_11
2°2

—sine (@2 [ PG =y g ()
R 2°2

_ sinc(f)e2"i‘f’7/ X[_1 1]()5,) e27ri§'(x'_7])ﬁ(§/’n) d_x/dfl
R2 2°2

sinc(£)e?™i€7 / F(¢',n) sinc(¢")e 2™ 4¢’,
R
as desired. O

Remark 16. There is a remarkable difference from the results for the Shannon case. There, the resulting
coorbit spaces according to Theorem /4 could be identified as intersections of well-known spaces, namely the
Paley- Wiener spaces. Here, the coorbit spaces are not intersections of classical modulation spaces, simply
because for the non-integrable case these spaces do not exist. We end up with a really new class of spaces.

5.2.1 Atomic decomposition

We are finally in a position to prove the injectivity of J, as well as the L,—-boundedness of the Q-oscillation
for p > 1. The continuity of the left inverse will be the topic of future research.
‘We choose Q = (—%, %)2 and Z2 as Q-dense set and write

¢(x’w):/\/[_%’%](x))([ ](w)7 ¢k,l(x,(l)) =¢(x—k,w—l).

_11
2°2

Proposition 17. The operator Jy: M — M defined by

Jo(F)= Y (F,¢e 0K (x +k,w+1)
k,l€Z

s injective.

Proof. We show that J(F) =0 if and only if (F, ¢y ;) = 0 for all k,I € Z. Using Plancherel’s theorem, we
obtain

0=(F.¢x1) =(FOK,dr )
= / sinc(&)e2™EN F(¢ p)sine(&)e 27E M sine(&)e 2K € sine (y)e 271 dedy dé’.
RB

Observe that
/ sinc? (£)e2™€ (17K qg = My (7 - k),
R

where M2 denotes the centered cardinal B-spline of order 2. Thus, we get
0= [ Moty - e 20 sincn)( [ F&' msine(ee > ag') a.
R R
Now {Ma(n — k)e 271 ; k| € Z} is a Gabor frame in La(R) so that the above implies

0= sinc(n)/I:"(g',n)sinc(g’)e_zﬂif/n d¢’
R
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and then
0:/17“(.5",n)sinc(f')e_Q”i‘f/"df' n-—a.e.
R

Consequently, by Lemma we have F(&£,7) =0 and then F(x,w) =0 a.e.. O

The next step is to show the Lp-boundednes of the Q-oscillation. We will follow closely the argument in
Section.5.1.4, i.e., we show the boundedness for all functions in the reproducing kernel space by means of
Sobolev embeddings. We first observe

0K 0K 9
9% ox € Lp(R*) forall p>1.
This becomes clear when writing a more explicit expression for K. We have

0, lx| > 1,

hx (2) =X[—é,%](t)/\/[x—%,x+%](t) = X[_%,H%](l‘), -1<x<0,
Xx-1,11(0), 0<x<1
222
From o
Xlab) (@) = (b —a)e*™ 2" “sinc((b - a)w)
this results in the explicit expression
0, x| > 1

e2”i%“’sinc((1 +x)w), -1<x<0
3 9gine((1-x)w), 0<x<1

K(x,0) = hy(w)

TiXw

=e sine((1 = [x)w) x(-1,1] (%)

Thus as a function of w the kernel K is a smooth function, whereas w.r.t. x it is only Lipschitz. However,
since K and its weak derivatives are compactly supported w.r.t. x, this suffices to belong to L.

Lemma 18. Young’s inequality transfers to the ®-product, i.e. we have
IF©GliL, < IFllL, IGIL,
for all F € L,,(R?) and G € Ly(R?), whenever 1/p+1/qg=1+1/r.
Proof. This follows immediately from the intertwining relation
J(FOG)=jF+jG
for the isometry j: L (R?) - L,(H,) and Young’s inequality for the group H,. More precisely

IFOGllL, &2 =i GF % jG)l, w2y = liF * jGlir, (1,
S WiFlL, @) liGllL, @,y = IFllL, &) 1G], ®2) -

Lemma 19. For F € M we have
oF 0K

— =F0-—€L,(R?
Ox ane p(E7)
for all p > 1 as well as
6F_6F®K
dw ~ dw ’

and consequently g—i e M.

20



Proof. The first identity follows immediately from the reproducing property of K

0 G
—(F = Fo—
Bx( ©G) © 0x

together with Young’s inequality. The second identity follows from observing
FoK(x,w)= / F(x—x",w- o)K@, w)e2T =0 4344,

and once more Young’s inequality. O
Corollary 20. For F € M we also have % € LP(Rz) for all p > 1.

In short: While we no longer have the reproducing property for the x-derivatives, we nevertheless retain
the needed integrability properties. Those results can be combined into

Corollary 21. The space M embeds into S},W(RQ) for all p > 1, the first order Sobolev space of dominating
mized smoothness.

For spaces of dominating mixed smoothness, the counterpart of the classical Sobolev embedding can be

formulated as
S;W(Rd) 5 Leo(RY)  provided s> 1/p,

see, e.g., [11], Chapter 2.4 for details. Note that the condition is the same as for the univariate embedding.
Ultimately, we now conclude

P p
/(”F”LM(Q-(x,w))) dXdU)ﬁ/(HF“s;W(Q.(x,w») drdw

p P 25 ||P
R R T
e, (0 (rw) 199lL, @ (v o) 19%¥0¢1L, 0 (x.0)
p
:// 'a—F(u,n) dudndxdw + - - -
0-(x,w) | 0x
F p
:// |6—(u+x,n+w) dudndxdw + - - -
o 0x
2
=/ / a—FF(u +x,n+w)| dxdwdudn
o R2 ox
— p — p
_‘/Q||F||S;W(R2)dudn— ||F||S2)W(R2)dudn/Qdudn<oo.
6 Appendix
6.1 Generalized Weighted Young Inequality
Lemma 22. Let w be the control weight and suppose that m is w-moderate. Then
[|H = F|| s |1 H|| rall where 1+ 1_1 + L (49)
Lym =~ Lp.m Lgw > r g p :

Proof. The w-moderateness of m implies

m(h) =m(gg ™ th) s m(g)w(g™ h) =m(g)w(h™'g) .
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Therefore, it follows

1/r
[(H = F)(h)|’m(h)’dh)

\H<Fll,, = (/G
r 1/r
- ( [ [ aoraoa m(h)’dh)
GI|J/G
r 1/r
- ( / / H(g)F(h™ g)m(h)dg dh)
GI|JG
r 1/r
-1 -1
< ( /G /G w(h ) F(h ) H(g)m(g)dg dh)
1/r
- (/G|<(m~H)*(w-F>><h)|’dh)
< AwFll, Im-Hlg, = 1HlL, , IFlL, . -

6.2 L, Estimates of the Shannon Kernel and its Derivatives

In this section we prove that the all the derivatives of the Shannon kernel x — 2wsinc(2wx) are in all
Lp-spaces, for p > 1. For simplicity, we write

sin x

K(x) =
and prove the statement for K, which is obviously equivalent. We show by induction that

an 2n-1

T K@ =27 ) pea)
k=0

where the py , are trigonometric polynomials. The case n =1 is true because

dx x2
Suppose that (6.2)) holds for some n. Then

dm+t d(d") d [ o S
ik = 5(@)=5(3€ ;}x Pie,n (%)

21 2"—-1 2"—1
= x? (Z K+ Y kxk—lpk,noo) =2 N b pg ()
k=0 k=1 k=0

d X cosx —sinx

2 (ZFE A Py, )+ ZE R i () = 20 RS ()

(x2")?
on_q n on_q n,p_ on_q n,p_
_ Zk:O x? +kp;(,n(x)+2k=1 kx 'k 1pk,n(x) -2 Zk:O X2k 1Pk,n(x)
(x2")”
X

2n+1_1 k
Zi—o X Pkt (x)
x2n+1 °
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Hence, l) is proved. Since the powers of x that appear in the just derived expressions of K (x) are x~

with € > 1, it follows for |x| > C that

qn L2 =
@K _ )_C Z xk—(2 _1)pk,n(x) < )_C Z xk—(2 _I)Pk,n(x)
k=0 k=0
<C’
and therefore
" C 1
—K < p>1
p )
dx L,

A yet more explicit formula holds. Indeed, from the product rule

n

() = Z ( Z )u(k)v("_k),
k=0

choosing u(x) = sin(x) and v(x) = x7! it follows from (v(x))"® = (=1)"alx~("+1) that
n

inx | |
(s )C) =x" Z %(_1)n_k(sin(x))(k)xk—1.

X

6.3 A Building Block for the Continuity of J;l

We have to bound . To this end, we split the L;-norm as follows

- [T ((X[_w,wn@;l)_z (x)) L

=:J1

t

&

N |

+/_;8 |7 ((X[—w,w]|¢i%|)72 (x)) |tdx+/£OO |7 (()([_w,(,,]lrlz%I)i2 (x)) ["dx .

EN S =:J3

First, we consider
-1 — \72 @ — 122 omixe
P (trwatl) )@= [ oz @ enieas
w —w w

and with

w?nt

4

161 (O], 0) = 11/ (20) sine® (€/(20) 7] _,, ) < (2w)sinc™(1/2) =

& w 2. 4
Jlﬁ/ / w”df
e l)w 4

we obtain .

t
w37r4)

dxz?s(
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To estimate J2 we apply integration by parts and obtain

—\—2 w )
7:—1 ((X[fw,w]|¢ﬁ|) )(x) [ |¢ﬁ(§)|_2 e27r1x§ dcf

v (&)

u(§)
—_—
w Re
2 I Y @055 P5) mine g
2mix 2w o o |¢%|4
N
1 2t wRe(p L ¢1)
= — w 2isin(27rwx)+2/ 20 2o e2mx§d§
2mix 2 o |¢%|4
—
<C<o
1 2.4
< — {27 s
7|x|

resulting in

< W’n? 2wC\' f7° 1 (0’ 2wC\" 1 1
2= 2 b g e P T 2 Fs t—1gt-1"°

As J3 is treated analougsly, we finally obtain

2 Vg

— — < ®

w3\ 0?12 20C\" 1 1
+2
t—1gt-1

J§2s(

and we are done.
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