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NEURAL REPRODUCING KERNEL BANACH SPACES
AND REPRESENTER THEOREMS FOR DEEP NETWORKS

F. BARTOLUCC]I, E. DE VITO, L. ROSASCO, AND S. VIGOGNA

ABSTRACT. Characterizing the function spaces defined by neural networks helps un-
derstanding the corresponding learning models and their inductive bias. While in some
limits neural networks correspond to function spaces that are Hilbert spaces, these
regimes do not capture the properties of the networks used in practice. Indeed, several
results have shown that shallow networks can be better characterized in terms of suitable
Banach spaces. However, analogous results for deep networks are limited. In this paper
we show that deep neural networks define suitable reproducing kernel Banach spaces.
These spaces are equipped with norms that enforce a form of sparsity, enabling them to
adapt to potential latent structures within the input data and their representations. In
particular, by leveraging the theory of reproducing kernel Banach spaces, combined with
variational results, we derive representer theorems that justify the finite architectures
commonly employed in applications. Our study extends analogous results for shallow
networks and represents a step towards understanding the function spaces induced by
neural architectures used in practice.

1. INTRODUCTION

Neural networks define functions by composing linear and nonlinear maps in a
multi-layer (deep) architecture. While easy to implement, the corresponding models
are hard to analyze since they are nonlinearly parameterized. The study of the function
spaces defined by different neural network architectures provides insights into the
corresponding learning models. In particular, it provides indications on the underlying
inductive bias, namely, which functions can be approximated and learned efficiently by
a given class of networks.

In some over-parameterized regimes, neural networks can be seen to define Hilbert
spaces of functions and in particular reproducing kernel Hilbert spaces (RKHS) [1].
It is a classical observation that shallow networks with infinitely many random units
correspond to RKHS, with reproducing kernels depending on the considered activa-
tion function [19]. This regime, also known as the Gaussian Process (GP) limit, has
connections with models such as random features [23]. The limits of more complex,
possibly non-shallow architectures can also be derived and characterized in terms
of RKHS, see e.g. [16]. Another infinite-width limit in which neural networks are
described by RKHS is the so-called lazy training regime [10]. In this limit, the network
weights evolve little during the optimization and can be well approximated by a linear
approximation around a random initialization. Also in this case, the corresponding
function spaces are RKHS, and the associated kernel is called neural tangent kernel
(NTK) [17]. Again, neural tangent kernels and corresponding RKHS can be derived for
a variety of architectures, see e.g. [5].

However, neither the above GP/kernel limit nor the NTK/lazy training regime
appear to capture key aspects of neural network models [15, 4] used in practice. Results
for shallow networks suggest that neural networks might favor functions with small

norms that are not Hilbertian but rather associated with Banach spaces [2]. In turn,
1


https://arxiv.org/abs/2403.08750v2

representer theorems associated to such norms allow to derive finite-width networks
commonly used in practice from variational principles [26, 20, 28, 21, 22]. These
observations have sparked interest in understanding Banach spaces associated to
neural networks. One possibility is to consider extensions of classical splines [32, 31, 30,
29|]. Another possibility is to consider reproducing kernel Banach spaces (RKBS) [34,
18], see e.g. [3] and references therein.

In this paper, we develop the latter perspective tackling the extension from shallow
to deep networks. The study of Banach spaces associated to deep architectures and
corresponding representer theorems was started in [22], where deep architectures
with ReLU activations and finite rank constraints at each layer are considered. The
latter requirement is not natural and is mainly due to technical reasons. Indeed, finite
rank constraints allow for the construction of layers as concatenation of vector valued
functions studied for shallow networks. In our study, we propose an approach that
avoids finite rank constraints and allows to consider more general activations. This
requires more substantial developments employing vector measures of finite variation
to address the challenges posed by potentially infinite-dimensional hidden layers. Our
tirst contribution is to define a reproducing kernel Banach space which describes an
infinite-width limit of a deep neural network with an associated norm promoting
sparsity. We call such a space a neural RKBS. Then, we provide a representer theorem
for a large class of nonlinearities that shows how neural networks minimizing empirical
objectives can be taken to have a finite width at every layer. This result extends
analogous results for shallow networks. It implies that commonly used networks are
optimal in the sense that they are solutions of a suitable variational problem.

The rest of the paper is organized as follows. In Section 2| we provide background for
the study of the paper. In Section 3| we review the main technical ingredients of our
construction, namely reproducing kernel Banach spaces and vector Radon measures.
In Section 4 we introduce deep integral RKBS to model functional properties of deep
neural networks, leading to the construction of neural RKBS. In Section 5| we prove our
represent theorems for deep neural networks. In Section 6| we construct a particular
instance of neural RKBS with a countably infinite number of neurons per hidden layer,
which permits a more explicit form of the relative representer theorem. In Appendix
we collect variational results and extreme point characterizations used to prove our
representer theorems. Table|l|summarizes the main notation we use in the paper.

TABLE 1. Notation

symbol  definition symbol definition

X,y Banach spaces Q) locally compact second contable space
B(X,)Y) bounded linear maps X — Y B(©) Borel o-algebra on ®

pd continuous dual of X Co(®,Y) continuous functions ® — Y vanishing at co
x{-,)x pairingon X, X’ Co(©) Co(O,R)

(-, inner product on the Hilbert space X M(®,Y) vector measures on © with values in )
I-l#+ normonX M(O) M(O,R)

By(r)  ballon X of radius r g Dirac delta at 6

Ext(Q) extremal pointsof Q C X Il lltv total variation norm




2. PRELIMINARY DISCUSSION

In this section, we provide the necessary background by introducing the notation
for deep neural networks, reviewing the infinite-width limit of shallow networks,
and presenting a high-level overview of the proposed infinite-width limit for deep
architectures.

Neural networks. We start by setting up some notation and introduce fully connected
feed-forward neural networks.

Definition 2.1 (Fully connected feed-forward neural network). Let o : R — R be a
(nonlinear) function, L > 1 an integer and

d= dO/dll---/dL/dLJr] =Pp > 1

a family of L + 2 integers. A function f : R? — RP is called a fully connected feed-forward
neural network from R® to R? with activation function o, depth L and widths d, ..., dy if

fx) = x40
where, for each x € R?, the vector x(L+1) € R? is defined by the following recursive equation
{x(l) = W(l)x + b(l) c :[Rdl

1

(D) = WD g (x(0) 4 pi+1) ¢ R, (=1,...,L, @
for some weights W) € R¥**4—1 and biases (or offsets) b*) € R%. We call a neural network
shallow (or a one-hidden layer network) if L = 1, deep if L > 1.

In (1) the activation function ¢ is assumed to be applied on vectors component-wise,
and the vector o(x()) for ¢ = 1,...,L is the (-th hidden layer of the network. The
input and output dimensions d = dy, p = d; 1 are fixed by the problem, and dy is the
number of neurons (or units) at the /-th hidden layer. A neuron is a function of the
form ¢(z) = o((z, w) + b). Hence, the definition of a network requires specifying an
activation function o, a depth L, and the widths dy, . .., d;. These parameters define the
network architecture. Given an architecture, the parameters WO pl) in RAexdi x R
are found optimizing an empirical objective function.

The neural networks with a fixed architecture form a subset Fxy of functions from
R? to R? parameterized nonlinearly by weights and biases. This is already clear
considering scalar-valued shallow neural networks of width K € N, that is

K
FNN = {f ‘R 5 R: f(x) = Z vka(wka—i—bk) +b,w, € le,vk,b,bk € ]R} . (@
k=1

The nonlinear dependence on the parameters is a key challenge in defining and
characterizing the corresponding function spaces. For shallow networks, considering
the so called infinite-width limit provides an approach to tackle this question.

Infinite-width limit of shallow neural networks. In the context of shallow networks,
the infinite-width limit corresponds to consider functions parameterized by measures
rather than weights, that is

fulx) = /IRd ]Ra(wa +b)du(w,b), ne ./\/l(le x R). 3)
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Generalizing further, one can consider an arbitrary input space & and functions f from
X to R of the form

) = [Jp(x,0)du®),  ueM@). @

for a suitable locally compact second countable parameter space ® and basis function
p: X x0O —R.

We add two observations. First, the expression in needs some care. Indeed,
commonly used activation functions are not integrable, and typical parameter spaces @
are non-compact, so that the integrals in (3) (and (4)) may not converge. For example,
in [3] the activation is multiplied by a smoothing function to ensure integrability. The
corresponding function space is shown to be a reproducing kernel Banach space, with
norm induced by the total variation norm on measures. Second, the finite shallow
networks in the set (2) can be recovered from the infinite-width model (3) by taking
finite linear combinations of Dirac deltas as measures. Interestingly, finite networks can
be shown to emerge from variational principles. Specifically, if the minimization of an
empirical objective is performed over measures, instead of weights, then the optimal
solutions are atomic measures. In other words, finite networks are optimal solutions
of empirical minimization problems over possibly infinite dimensional networks. We
refer for example to [29] for an account of recent works addressing the above topics.
As discussed next, our main motivation is studying similar questions in the context of
deep networks.

Infinite-width limit of deep neural networks. Previous work on Banach spaces as-
sociated with deep architectures, and corresponding representation theorems, focus
on layers which are concatenation of of infinite-width shallow neural networks with
tinite-dimensional outputs. As a result, this approach inherently restricts the deep
architecture to finite-rank constraints at every layer [22]. In contrast, our work presents
an alternative framework that avoids such constraints and accommodates a broader
class of activation functions. This generalization requires addressing the challenges
posed by potentially infinite-dimensional hidden layers. To this end, we construct
deep architectures as compositions of RKBS of integrable functions valued in infinite-
dimensional spaces. More precisely, we begin by considering the direct sum of integral
RKBS, forming a linear space, and use this structure to parameterize spaces of com-
posed functions, thereby yielding a corresponding nonlinear function space, which we
call a deep integral RKBS. By further specializing this construction to integral functions
defined through activation functions, we arrive at what we call a neural RKBS. This
formulation provides a natural and rigorous connection with commonly used deep neu-
ral network models. Finally, we use these function spaces to derive novel representer
theorems for deep networks. These representer theorems characterize the minimization
of empirical objective functions over deep RKBS. In particular, they show that finite
networks are optimal from a variational perspective. Next, we develop these ideas in
detail.

3. VECTOR MEASURES, INTEGRAL RKBS AND NEURAL NETWORKS

We introduce the following definition, that readily generalizes vector-valued re-
producing kernel Hilbert spaces [8] to a Banach setting. We refer to [34, (18] for an
overview.

Definition 3.1 (Vector-valued RKBS). Let X be a set and ) a Banach space. A reproducing

kernel Banach space (RKBS) ‘H on X with values in ) is a Banach space such that
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(i) the elements of H are functions f : X — Y;
(ii) the sum and the multiplication by scalars in H are defined pointwise;
(iii) for all x € X there is Cx > 0 such that || f(x)||y < Cx|| fl|x forall f € H.

The first two conditions are equivalent to say that 7 is a subspace of }¥, the vector
space of all functions from X to ), while the third condition requires that for all x € X
the pointwise evaluation f +— f(x) isin B(#,) ), the space of bounded linear operators
between H and ).

Reproducing kernel Hilbert spaces can be characterized in terms of so-called feature
maps. In the following proposition we provide an analogous result for RKBS. In this
case, feature spaces are Banach spaces.

Proposition 3.2. Let X' be a set, ) a Banach space and H a set of functions f : X — ).
Consider the following statements.

(@) The space H is a RKBS.
(b) There is a Banach space F and a map ¢ : X — B(F,)) such that

() H = {fu: p € F}where fy = ¢(-)p;
() [|fll = inf{[[pllr: € F, f = fu}-
(c) There is a Banach space F and a map ¢ : X — B(Y', F') such that

(W) H = {fu: p € F}uwhere yr(fu(),y)yr = F(up()y ) forall y' € V;

(@) [|fll3 = inf{|[ull7: € F, f = ful}-
Then (a)|and|(b)|are equivalent and each one implies|(c), Moreover, if Y is reflexive (in particular
Hilbert), then (@)} [(b)|and [(c)|are all equivalent.

Proof. To see that|(a)]implies|(b)] take F = H and define
¢: X = B(FY),  ¢x)f=flx)
Then [(i)|and [(ii)| of item [(b)| are clear. Let us prove that[(b)|implies|(a)] Clearly # is a

linear space and || - ||y is a norm. We then show that the normed space H is complete.
The linear map y — f, has kernel N' = (N, ¢y ker ¢(x). Since ¢(x) is bounded for all
x € X, ker ¢(x) is closed, hence so is . Thus, F/N is a Banach space [24, Theorem
1.41] isomorphic to H by construction, which is therefore complete. Next, we show that
point evaluations in H are continuous. For f € H, let u € F such that f = f,,. Then

If )y = lle)ully < ll9C)lpr)lHllF

whence

X < inf X = ||¢p(x .

1F()]ly < . 1P C) () 1l 7 = 19 Q) 8(F2) 1 flI2
The implication from ((b)|to|(c)| follows easily considering ¥(x) = ¢(x)' € B(Y', F') be
the transpose map of ¢(x). Finally, note that in defines f, as a function from X to
V" Hence, if Y is reflexive, it defines fy : X — Y. From here, following the proof of
the implication from (b)]to[(a)}, one can prove that[(c)|implies [(a)] O

Vector Radon measures. In view of Proposition a RKBS can be constructed choos-
ing a suitable feature space. Thinking of a neural network layer as an atomic integration,
we will define RKBS parameterized by measures. Since layers have vectorial outputs,

we need the notion of vector valued measure [11].
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Let © be a Hausdorff, locally compact, second countable topological space, and let )
be a Banach space. Recall that a (numerable) partition of a Borel set A is a numerable
family of Borel sets {A;} such that A; N A; = @ foralli # jand UJ; A; = A.

Definition 3.3 (Vector measure). A vector measure on © with values in ) is a set function
p: B(®) — Y such that for all A € B(®) and all {A;} partitions of A,

(A) =Y (A,

where the sum converges unconditionally in the || - ||y-norm.

Pettis theorem [14, Thm.1 IV.10.1] shows that a set function y: B(®) — ) is a vector
measure if and only if p,» = 3 (p(-),y')yr is a o-additive measure for all y' € ).

Definition 3.4 (Variation of a vector measure). Let p be a vector measure on © with values
in Y. The variation of y is the function |u|: B(®) — [0, +o0| defined by

[ul(A) =sup)_llu(A)lly  AecB(O),
{Ai} i

where the supremum is taken over all finite partitions of A. If |u|(®) < oo, the measure p is
called a vector measure of bounded variation.

The space M (®,)) of vector measures of bounded variation is a Banach space with
respect to the norm

[l = |#(©).

If y € M(G,)), its variation |u| is a finite positive measure on O, see [13, 1.A.10].

The integration of a scalar function ¢ with respect a vector measure of bounded
variation can be defined as the Bochner integral of a vector valued function, see [13, Ch.1
Section D] and [14, p. IV.10]. In particular, a measurable scalar function ¢ is integrable
with respect to y if and only if ¢ is integrable with respect to |pu|. If ¢ = Y tixa, is a
simple function, then

[ o®du(e) = Ltin(a) € ¥,

and the integral of an arbitrary |u|-integrable functions is defined via the density of
simple functions.

If V' has the Radon-Nikodym property [13, Ch. 1.G], as it happens if ) is reflexive,
then u has density with respect to |u|, i.e. there exists a function g: ® — Y such that
lg(0)]|y =1forall @ € O, gis Bocnher integrable with respect to ||, and

[ o@du() = [ o(@)(0)dlul(0),

for all p-integrable scalar functions ¢ : ® — R. If ) does not have the Radon-Nikodym
property, nevertheless there always exists a function g : @ — ) such that

i) forally’ € V', y(g(-),y')yr is |u|-integrable;
ii) forall6 € ©, ||g(0)]]y = 1;
iii) for all scalar function ¢ that are p-integrable and iy’ € )’

v o®dn(6),1)y = [ 9(0)y(3(6),y)ydlnl(6),
see [13, Ch.1 Theorem 34].



Vector integral RKBS and neural networks. We now introduce particular classes of
RKBS. In particular, we extend the infinite-width limit (4) of shallow neural networks
from scalar to vector-valued functions. This result is of independent interest and will
be crucial for the extension from shallow to deep networks.

Definition 3.5 (Integral RKBS). Let © be a locally compact, second countable topological
space, X a set, and Y a Banach space. Let

p: X x0O =R
be such that p(x,-) € Co(®) forall x € X. For y € M(0©,)), let
X 5 Y, ful) = 9= [ plx,0)du(e), ®)
and
H={fui: X >YV:pcM(®V))}
with

Ifln= _iné Clwly s £ = fu) ©

The space H thus defined is a (vector-valued) RKBS, which we call an integral RKBS. Moreover,
we call © the parameter spaces of H, and p its basis function.

Remark 3.6. If p(x,-) is bounded for all x € X, (B) is still well defined. The stronger
assumption that p(x,-) € Co(®) ensures that the map f — f(x) is weakly™ continuous, see
Remark[5.2)

Remark 3.7. Scalar valued integral RKBS correspond to the choice ) = R and coincide with
the setting considered in [3].

4. DEEP INTEGRAL AND NEURAL RKBS

In this section, we start introducing deep integral RKBS. Then, we derive representer
theorems on these spaces, which show how optimal solutions minimizing empirical
objectives can be taken to have a finite width at every layer.

Deep RKBS. The first step is to take direct sums of RKBS and define the deep RKBS as
a composition of elements in the direct sum.

Definition 4.1 (Deep RKBS). Let X be a set and Y a Banach space. Fix a positive integer
L > 1. Take a set Xy = X and Banach spaces X1,..., X 41 = Y. For { =0,...,L, take
RKBS Hy on X; with values in X; 1. The direct sum

H=Ho® --OHL
is a Banach space with respect to the norm
Ifllze = W follagg + -+ W felle,  f=fo®-- @ fL.
Toevery f = fo @ -+ @ fr € H we assign the function 4P : X — Y defined by
fdeP = £ 0.0 fp,
and we set
HAeP = (P ¥ 5 Y feH}
endowed with the complexity measure ® : HP — [0, +-00) given by
O (f9P) = inf{||g||3 : g € H such that g9 = fdeep] (7)
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With a slight abuse of language, we call the nonlinear space HP an RKBS of depth L
induced by the Banach space H. If L > 1, we refer to H9°P as a deep RKBS. Moreover, we
call X, the layer spaces of H. In particular, X = Xj is the input space, Y = X] 11 is the
output space, and Xy, { =1, ...,L, are the hidden layer spaces.

Deep integral RKBS. Next, we combine Definitions [3.5land
Definition 4.2 (Deep integral RKBS). Let H9P be an RKBS of depth L. If the RKBS H, are
integral forall ¢ =0, ...,L,

He = {fu: X = Xppr -y € M(Oy, X 11) },

with basis functions
Py Xy x 0y =R,

where py(x,-) € Co(@®y) for all x € X. We call HIP an integral RKBS of depth L and, if
L > 1, a deep integral RKBS.

Thus, a function f4¢P : X — ) in a deep integral RKBS H 4¢P of depth L has the
form

2 = /® pe(x\9,00)due(0,) € Xp1,  £=0,...,L, ®)
fdeep(x) — ;(L‘H) ey

where i, € M(©, X*1) forany £ =0,..., L.
We now define (deep) integral RKBS modeled on neural networks. In such spaces,
the basis functions are defined in terms of an activation function.

Definition 4.3 (Neural RKBS). Let H9P be an integral RKBS of depth L. Suppose that, for
each {, the layer X, is a function space over the parameter space @, that is, X, C R®". Let
o0 : R — R be a (nonlinear) activation function and c, : ®y — R. Suppose that the basis
functions py are of the form

po(xo,00) = x0(6o)
pe(x0,00) = 0 (xp(8) +¢c¢(00))Be(00), £=1,...,L,

where By : @; — R is such that py(x,-) € Co(@y) for all x; € X;y. Then we call HIP a
neural RKBS of depth L and, if L > 1, a deep neural RKBS.

Remark 4.4 (Infinite-width shallow neural networks revisited). In Remark|[3.7] we ob-
served that function spaces considered in [3] correspond to the choice ) = R in Definition
Here, we show that those spaces can also be recovered from Definition {4.3| by taking L = 1,
parameter and layer spaces

@ =1{0,...,d}, Xy=RY

@ = IRdJrl X, = ]Rd+1
X =R,
and basis functions of the form
4 - . 4 E R 4

p1(x,0) = o ((x,0)ar1)B(8), p1(x,") € Co(R! xR).
8



Indeed, let py € M(®p, Xy) = BI_o R Then pg = Y4, vidy where vy, . .., vq € R,
so that, forall x = (x1,...,%4) € RY,

d
M = v + Z UV Xk-
k=1

Moreover, let i1 € M(@1, Xp) = M(R¥1). Then

d
e = [, o 3 (o O+ (00,6} ont PO 0).

Now, assuming that vy, . .., v, are linearly independent, let A : R — R be the linear
transformation such that AT e, = vy, when (ey) k=0,...d is the canonical base of R4*+L. Then,
setting 8 = (w,b) € RY x R, B/(8) = B(A~'0), and u be the pushforward measure of 1 by
A, we obtain

f) = [ o, x)ge+ 0B (w b)du(w,b),

These result in shallow neural networks with an uncountable number of hidden neurons. In
Section [} inspired by this construction, we will introduce deep networks where each hidden
layer has countably many neurons.

5. REPRESENTER THEOREMS FOR DEEP NEURAL NETWORKS

In this section, we state and prove representer theorems for deep integral and neural
RKBS, showing that common used deep neural networks can be seen as solutions of a
variational problem. We start by briefly recalling the basic supervised learning setting.

Let X and Y be sets, called input and output space, respectively. Consider a class H
of functions f : X — ), called hypothesis space, a loss function L : ) x Y — [0,00), and
a penalty ® : H — [0,00). Given N samples

(xi,yi)eé\,’xy, i=1,...,N,
consider the regularized empirical risk minimization problem

;réi}gR(f) + @(f). 9)

Here,

is the empirical error associated to the loss function £ and the training points (x;, y;) €
X x)Y,i=1,...,N. Representer theorems characterize the solutions of problems such
as (9).

From now on, we fix a deep integral RKBS 9P of depth L with basis functions
pe: Xy x Oy — R, as in Definition To prove a representer theorem for HdeeP we
will need the following fundamental assumption on the basis functions p,.

Assumption 1. The output space Y is a Hilbert space and, for each ¢ =1, ..., L, the hidden
layer Xy is a separable reproducing kernel Hilbert space on the corresponding parameter space
Oy with a continuous reproducing kernel. Furthermore, the basis functions are of the form

pe(x,0) = pp(x(0),0), xeX, 6€0,, (10)
where py : R x ©p — R is a continuos function such that p,(0,-) € Co(®y), and

l0e(x,0) — pe(x',0)| < Col(x — ', 80(0)) x,1|Be(6)], x,x'eX, 60€0,, (11)
9



where Cy > 0, gy € Cb(@g, Xg) and By € Co(@g).

The proof of the representer theorem for deep integral RKBS (Theorem relies on
applying Theorem to each hidden layer. Theorem requires a finite-dimensional
setting. For the output layer, this condition is naturally met by assuming the output
space is R”. However, since the hidden layers are infinite-dimensional, we must assume
that each space X is a reproducing kernel Hilbert space to reduce the problem to a finite-
dimensional one, see (18). Assumption is essential to ensure that the evaluation
functional f1(f2(x)) at x € X,_; is jointly continuous in the pair (fi, f2) € Xy x Xy,
as shown in Lemma This joint continuity, in turn, is crucial for establishing the
existence of a minimizer of the regularized empirical risk minimization problem (9).
We will see in Remark [5.4/and Remark|6.3|that such an assumption is easily satisfied by
neural and discrete neural RKBS.

Remark 5.1. In view of Assumption |1}, since Xy is a reproducing kernel Hilbert space with a
continuous reproducing kernel, x(-) is a continuous function, and hence py is continuous on
©y. Furthermore, given x € Xy, for all 8 € ®, we have

l0e(x,0)| < |0(0,0) + |pe(x,0) — pe(0,0)]
< Crl(x,8¢(0)) x,1|B¢(0)]
< Cyllx]lx, sup 180(6") |2, |Be(6)]

so that py(x,-) € Co(®y). Thus, the integral RKBS H,, and therefore the associated deep
integral RKBS, are well defined.

Remark 5.2. Recall that, for each ¢ = 1,...,L, the space @, is second countable. Thus, for
any u € M(©y, Xyy1), its variation |u| is a finite measure, so || is reqular, and therefore
is reqular too [[12, Proposition 1]. Hence, taking into account that X, 4 is a Hilbert space, so
that X; | = X4, by a generalization of the Riesz representation theorem the Banach space
M(O©, Xy) can be identified with the dual of Co(®y, Xy 1), see [27, 25]] for compact spaces, and
[91 for second countable locally compact spaces. It follows that M(©y, Xy, 1) can be endowed
with the weak™ topology, with respect to which the closed balls are compact.

We can now derive the representer theorem for deep integral RKBS.

Theorem 5.3 (Representer theorem for deep integral RKBS). Let H9¢¢P be a deep integral
RKBS of depth L, induced by a Banach space 'H, from the input space X to the output space
Y = RV satisfying Assumption (1} Assume that the loss function L is continuous in the first
entry. Then, there exist dq,...,dp+1 € Nand, forall ¢ =0,...,L,
(£) ()
91 ""’Gdg € @g,

(41 /+1 > . . >

such that
fleep(y) = x(IHD e RP, xe X,

with x\'+Y) given by the recursive formula
O =xecx

(D = 7l w20, 000) € Xy, =0, L,
10
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is a solution of the minimization problem

min  R(fIP) + d(fdeep), (13)

fdeep ¢} deep

Moreover, we have dy < Ndy forevery { =1....,L, and

L dy
/+1
() < YV [l V|,
/=0k=1

Proof. By definition of H¢°P and the complexity measure ®, the minimization problem
is equivalent to

: deep
min R(F) + £l

where, for each f = @LO fv € H, the function fdeep : Xy — X is the composition
of fo,...,fr (Ay = X and &A7; = RP). By construction, each f; is parameterized
by some measure yy € My = M(Oy, Xyy1), according to (5). Moreover, by (6), the
minimization problem (9) is equivalent to

L
. dee :
f R(fu"F =: inf S(p), 14
Jnf R(fy )‘i‘E)HWHTV nf () (14)
where M is the Banach space @%_, M (0, Xyy1) and, if p = o @ - - ® ur € M, f;}eep
is the composition of fy,, ..., fu,.

Fixav € M, and let R = S(v). Then is equivalent to

inf S(u). (15)
VGH%’:O BM( (R)

Indeed, if y is outside [T5_y Bag,(R), then for some £ =0, ..., L, |lu¢[lrv > R, so that

L
S(u) =R(fu) + Y luellrv = R(fu) + S(v) = S(v),
(=0
which proves the equivalence. We now prove the existence of a minimizer of (15).
Existence of a minimizer. Assumption [l|along with Remark 5.1 ensures that, for any
¢=0,...,L, the pair (py, ¢+ 1) of basis functions satisfies the conditions of Lemma
Hence, taking into account Remark it follows that , for all x € X, the map

(VOI"'rVL) HfVLO"'OfPlo(x)

is jointly continuous from [Tj_, By, (R), endowed with the product topology induced
by the weak* topology of each By, (R), to V. Since p +— ||u||Tv is weakly™ continuous,
the map u — S(u) is also continuous. Moreover, thanks to the Banach-Alaoglu
theorem, the product [T%_, B ,(R) is weakly* compact. Hence, by the extreme value
theorem, the problem has at least a minimizer. Now we prove the representer
theorem showing that a minimizer can be taken to have a finite width at every layer.
Figure [l summarizes the proof structure of the representer theorem.

Representer theorem. Let u* be any such solution. Let xfo) = x;and x§£+1) = fHZ (xfé))
for/ =0,...,Landi=1,...,N. Then, in view of LemmalA .4} a solution to can be
found by solving the following interpolation problems for all ¢ =0, ..., L:

inf |||ty subject to fw(xfg)) = xlwrl) i=1,...,N. (16)
(EMy '
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Case ! = L. Let us start from ¢ = L. We want to apply Theorem To this end, let
U = My endowed with the weak* topology. We define A : U — RN*4L+1 by

Ap = [y (it

Then A is a surjective continuous linear operator from U/ onto H = Ran A, with
dim(H) < Ndj ;1. Moreover, the norm G = || - ||ty is coercive on U. Indeed, by the
Banach-Alaoglu theorem, the balls B, (r) are weakly* compact for every r > 0. We
define F : H — [0, 0] by

0 h=x""Vforalli=1,...,N
F(h) = (L+1) .
o hj #Xx; forsomei=1,...,N.

+1) Ly

The function F is the indicator function associated to the singleton {(xEL e Xy
so that it is convex, coercive and lower semi-continuous. Therefore, we can apply Theo-
rem[A.2]to derive that has a solution of the form

dy
HL = Z Ck Uk,
k=1

for some d; < Ndp 1, ¢ > 0 and uy € Ext(Byy, (1)). By Lemma|A.3] for each k there

are yx € Ext(By,,,(1)) and GIEL) € Or such that
U =Yg 0 (1)
k= Vi O
Thus, defining w.(kLH) = CxYx € Xp41, we get
L
~ L+1
=Y wt )59<L>-
k=1 k

Thanks to Assumption |1} for all x € A7 we have
ar
L+1)~ L L
D = () = Y wl Va0, 0. (17)
k=1

Thus, holds true for £ = L with X; 1 = X 41 = R and d; .1 = p.
Case ¢ = L — 1. Now we consider ¢ = L — 1. Let K() be the reproducing kernel of
X1 and set

X, =span{KW (., 0"y k=1,...,d} cAx,  dim& <dp, (18)

and Py the corresponding orthogonal projection from X} onto ;. By (17), it is clear
that f;, (x) = f;, (PLx) for all x € &. Hence, since ||Pru|tv < [[p|Tv for all p €
M(©p_1, A1), the direct sum of measures

() =@ UL 2 ® PLpi 1 D JiL
is a minimizer of (15). By Remark|A.5 for each i = 1,..., N, we can replace xZ(L) =
fur (xI(L_l)) with P ") = i (x(L_l)), so that for { = L — 1 reads as

i i

inf _ ||pr—1]ltv subject to fyL_l(fo_l)) —pa? i=1,.. N

1
Hr—1€EM(Or_1,&L)
12



Since X is finite dimensional, we can use again Theorem together with Lemma
as in the previous step (¢ = L). In particular, this time we have dim(H) < Nd;. Thus,
we find a solution of the form

dr—1

ﬂL 1= z: a% 9L1
k

for some d; 1 < Ndj and wg ), .. .,wl(iiil € X;. Now, forall x € X1 _1 we have

dp_q
L-1 L-1
f.uLl Zwk pr—1( ( )),GIE ))-

Iterating the argument, (12) holds true for  =1,..., L.
Case ¢ = 0. For the last step (¢ = 0), the minimization problem is

inf ||uo|ltyv subjectto fu,(x;) = Plxlgl) cX; i=1,...,N,
HoEMo

which, as above, admits a solution i such that

i (x Zwk po(x, 9( ))

Then, i = g @ ... D i1 @ jr is a solution of (15) and, consequently, f~ P = fi 0
-0 fy isa solutlon of the initial minimization problem (13). The bound on d, is also
clear by iteration. For the bound on ®( f4¢¢P), by definition we have

L L
O(f4P) < Y [lfz I, < Y Nelav,
=0 (=0

where, once again by Theorem

dy
etV = Z Ck-
k=1

But since v € Ext(B Bt (1)), we have ||yl %, = L whence, identifying again X1
with a subspace of X1,

o 2t e )
Yoae =) llewyella, = Y lwe .
k=1 k=1

k=1
which concludes the proof. O

As established in Corollary in the special case of a neural RKBS, the minimizer

fdeeP takes the form of a deep neural network with finite width at each hidden layer
according to Definition

Remark 5.4. For neural RKBS, |10|is satisfied with py(t,n) = o(t+c(6))B(0) forall { =
1,..., L. Furthermore, if o is Lipschitz with Lipschitz constant C,|11|is satisfied with C; = C,
and gy(0) = 6 forall ¢ =1,...,L. Indeed, for all x,x" € Xy and 6 € ©, we have that

lpe(x,0) — po(x',0)] = 1o (x(0) + c¢(0)) — o (x(8) + ()| ()]
< Co|x(6) — x"(0)1B.(0)].

13



Py Sz s fﬂffz f?‘f 1 fﬂf

Lo — X 1 —= X R?
Py T x, Fu fﬂiszLilfpmffl 7 i R
Py fﬂé Xl f}q ..fl.)L—H"i,sz_lfﬁLfl XL fﬁL ]RP

X fﬁo 5(:1 fﬁ1 f}N‘L—Z‘)’(.‘“L_lfﬁL—l )?L fﬁL RP

FIGURE 1. Proof structure of Theorem

Corollary 5.5 (Representer theorem for neural RKBS). Under the assumptions of Theo-
rem if HeP is a neural RKBS, then there exist

dy,...,dp €N, d(Sng_H,
W) e RIexde, p) e R, p=1,...,L+1,

such that
fleep(y) = x(IHD e RP, xe X, (19)

with x(L+Y) given by recursive formula

x(D = Wy 4 p(») 20
) Z WD e (x0) 4 p+) gL (20)

is a solution of the minimization problem
min  R(fIP) + d( fdeep), 1)

fdeepE'Hdeep
Proof. Revisiting the proof of Theorem forall/ =1,...,L +1, we can choose a
basis {elgg) 21;11 Y of X, such that

.)?g C span{egg),. ) .,et(ii)},

so that the elements wgg), e, wéi)_l € 2‘?( can be identified with vectors in R% and

collected in a dy X dy_; matrix
l -1 { /-1
u® = (w10 7) |- ol peatelh) ),
where By = 1. Similarly, forall ¢ = 1,. .., L, the elements KO, 956)), ..., KO, 9;5)) €
fg ~ R% define a d; x d;, matrix

v — ( K(E)(-,Gy))T ‘ ‘ K(Z)(-,Géf))T >,

-
) = <Cg(9§£)),...,Cg(9$))) € R%.
14



Hence, reads as
0
O = (0., x(65))T
<>:u<><>
X+ — g(e+) (U(Vw)x(e)H(z))), ¢=1,..., L

Forall/ =1,...,L + 1, define the matrix

WO — OO ¢ RArxdes

(L+1)

where V =Idy, x4, ,,, and the vector

p(0) — (0 ¢ R

where c(l+1) = 0 € IR?. Up to redefining the pomts x for¢ =1,...,L, asolution fdeeP
of the empirical risk minimization problem (21I)) is given by fdeep(x) = x(I+1) ¢ RP
with x(L+1) given by the recursive formula

O = (x(6{”),...,x(8%")T
( ) = W) L p1)

x (1) — W(+1) (x(0) 4 p(t+D), (=1,...,L,

which concludes the proof. [

6. DISCRETE NEURAL RKBS

Next, we construct a particular instance of neural RKBS with a countably infinite
number of neurons per hidden layer, which we call discrete neural RKBS, see Figure
This further specialization to these spaces allows for a more explicit characterization of
the complexity measure @ in the corresponding representer theorem.

In the following formulation, differently from the one in Remark 4.4} the spaces ©,
of the hidden layers play the role of index spaces for the parameters, and they do not
directly correspond to the spaces where parameters live.

Definition 6.1 (Discrete Neural RKBS). Fix the parameter spaces ®, and the layer spaces X
as follows

© ={0,...,d}, Xo=0*({1,...,d}) =R,

0, =N, X, = (*(N), (=1,...,L,

O ={L....,p}, X =0{1....p})=R’, (=L+1,
and let ¢ : R — R be a Lipschitz activation function such that o(0) = 0. Then, set

1 n=20 d
7 — 7 R
po(x,m) {xn n=1,...,d e
1 n=20
M) = , ’(N), ¢=1,...,L.
o(x, 1) {U(xn1) w1 x € (7(IN)

We call the resulting space He°P a discrete neural RKBS.
15



FIGURE 2. Architecture of discrete neural RKBS functions.

Remark 6.2. Some observations on Definition are in order. First, note that Xy can be
thought of as a function space on ®g by putting x(0) = 1 for all x € Xp. Second, the
Lipschitzianity of o implies that

o(x) € 2(N),  forall x € /*(N), (22)

where o applies on sequences component by component. Indeed, if C, denotes the Lipschitz
constant of o, we have

|0 (xn)| = |o(xn) — 0 (0)] < Cofxn — 0] = Colxul.
In particular, this implies that

lim o(x,) =0,  forall x € (*(N). (23)

n—o0
Finally, assuming o(0) = 0 is not restrictive. In fact, if 0(0) # 0, the choice of the activation
function o’ = o — o(0) simply implies a scaling of the offsets.

General form of discrete neural RKBS functions. Anelement f9¢¢P of the neural RKBS

HeeP is a composition of L + 1 integral functions fy,...,f;, where each f is defined

via a measure jiy by fy = f,,. We now derive an explicit expression for elements in a

discrete neural RKBS, showing that these functions correspond to infinite-width neural

networks with a countably infinite number of neurons per hidden layer, see Figure
Case ¢ = 0. From layer 0 to layer 1, we have

}10 € M({O/ .. -/d}/ EZ(N))’
so that

for a family of d + 1 vectors w(()l), . wlgl) € 2(N). Let bV = w(()l) € (?(IN) and define
the bounded operator

Wl e B(RY, 2(N)), wWWhx=Y)" w2y,

16



Then, for x € R¥, the function fy : R — Ez( ) is

fo(x Z W po(x m) = wo ) 4 Z W x = Whx + b1 ¢ 2(IN),

m=0 m=1

and the scalar components of f; are
folow = (o w)ga+ b, neN,

where w,(ql) € R? with w,(;,z = (w,(ﬂ1 ))n.
Case ¢ =1,...,L — 1. From layer / to layer ¢ + 1 we have

w € M(N,*(N)),
so that

for a countable family of vectors w(()“l), e, w(Hl), ... € 2(N) such that

el = 2 ™ ) < oo
As before, set b(/+1) = wé”l) € (2(N) and
W) e B(2(N), 2(N)), ~ Wy 2 w1,
where the series converges absolutely in ¢, (IN) due to (24] . Hence, for x € 05 (

—+o00
x)=Y w,(qu) (x,m) = w(()@rl + Z w Hl)a(xm_l)

- m=1
— Wi+ (o(x)) +plt+D) ¢ ZZ(JN),
where o(x) € 2(N) by (22). The component of f,(x) are
fe@n = (e@),wi e+, neN,
where w{/ "V € /2(N) and wiit) = (w ,(fﬂ))n.
Case ¢ = L. Finally, from layer L to layer L 4 1, we have
ur € M(N,RP),
so that

m=0

for a countable family of vectors w(()LH), ceey w,(nL +1), ... € R? such that

As before, set b(E+1) = w(()LH) € EZ(JN) and

WD ¢ B(fz(]N),]Rp), WD — Jio w5nL+1)xm—1/

m=1
17
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where the series converges absolutely in R” due to (25). Hence, for x € £,(IN),

+o0 +o00
frlx) = Y wi Vor(x,m) = w0 + Y wi Vo(x,)

m=0 m=1

= WD (g(x)) + D € 2(N),

where o(x) € ¢2(N) by (22). The component of f1 (x) are
( (L+1) (L+1)

frx)n = (o(x),wy " N +by T, n=1,...,p, (26)
where w*!) € A(N) and wi ") = (wly ).,

By iteration x(‘+1) = £,(x()), we obtain

= x € RY
WO 1 p) € 2(N)
£ (41) — Wt+1) (U(x(z))> Fo+) € 2(N)
£(L+1) — WiL+D) <0.(x(L))> L+l e RP

=
—~

—
=
I

\

We stress that the width of the L hidden layers £ =1, ..., L is infinite and countable (the
neurons are parameterized by IN), while input and output layers / = 0and ¢ = L +1
have fixed finite widths d and p, respectively. Also note that infinite-width neural
networks generalize finite-width neural networks, where the inner layers are generated
by infinite-rank operators.

We can visualize the shallow (L = 1), and the simplest non-shallow case (L = 2),
considering a non-iterative expression. For L = 1, we have

f(x) =w® (O'(W(l)x + b(D)) +p@
In the case of L = 2 hidden layers, we can write
fx) =w® <0’ <w(2) (U(W(l)x + b(U)) 4+ b(Z))) + )

Comparing our construction to the one proposed in [22], we remark that our networks
do not have any rank constraint, in the sense that every hidden layer has infinte width.

Finite form of discrete neural RKBS functions. We now show that the neural functions
defined in 2.1{correspond to measures y1, ...,y having finite support. Indeed, under
this assumption, foreach ¢ =1,...,L,

dy
w = b5y + Z w}(fﬂ)(sm(/),
k=1 k

for some mgg), e, m[(ii) € N\ {0} and some wgfﬂ), e, w,(fﬂ) thatarein /,(IN) if ¢ < L,

and in R? if / = L.

We define f; starting from the last layer. Since the support of 1 is {0, mgL), ey m[(ii) H
by f1r depends only on the variables mgL), ey mgi), so that we can regard f; asa
function from R to IR given by

fu(x) = WEo (x) +b,
18



where WL+ is the d} x d L+1 matrix (recall that d; ;1 = p) with components

W,Szfﬂ) = (w%l))n_l, n=1,...,p, k=1,...,d;.
k

Since f7 is defined on R%L, regarded as a finite-dimensional subspace of #,(IN), denoting
by P : £3(IN) — R the corresponding projection

Px = (xmgL)’. . .,XmL(ZLL)),

for all x € ¢,(IN) we have

frlfea(®) = frlfp . (¥) = fulfep, ., (x))-

Then, without loss of generality, we can assume that the measure yy_1 is in M (IN, RL)
and it has a finite support. By iterating this procedure, we can assume that for all ¢

Mo € M({O,... ,dg},l[{d“l),
for some dy,d1,...,dr,dp+1 € N (withdy = d and d; 11 = p). This means that
dy
1w = b g5y + 2 w}(fﬂ)(;k.
k=1
Forall/ =1,...,L+1,let W be the ng, , X ng, matrix
Wl — @), m=1,...,d, k=1,...,d,.
Then f; = f,,, : R%-1 — R% is given by

WOx 4 p(1) (=0
fulx) = WD g (x) + b0+ > 17

fdeeP — £ 0.0 f,
is a neural deep function according to Definition and we can rewrite f4°°P as
x(D = Wy o+ pM) c R%
{x(”l) = WD (xO) 4 p(+) e R ¢ =1,...,L,
that is, f94¢P is a neural network of depth L and (finite) widths dy, ..., dr.

Remark 6.3. For discrete neural RKBS, Equation (10) is satisfied replacing the basis functions
in Definition[6.1]by py(x,n) = o (xy_1)Bn—_1 for all E =1,...,L, witho: R — R Lipschitz
and B : IN — R a positive sequence converging to zero. Furthermore, Equation is satisfied
with Cy = Cy and gy(n) = 6,1 forall ¢ = 1,...,L. Indeed, for all x,x' € (*>(IN) and
n €N,

loe(x,n) — po(x',m)| < |o(xn-1) = o (xy1)[[Bn-1] < Colxn1 — x5 4[|Bn-l.

Corollary 6.4 (Representer theorem for discrete neural RKBS). Under the assumptions

of Theorem if H4eeP is a discrete neural RKBS, then the claim of Corollaryholds true.
Moreover,

L dy sden (t11) 1/2
fdeep ZZ(Z |W + ﬁk_1|2> )

19



Proof. Since ©y = {0, ...,d}, without loss of generality we can assume dy = d + 1 and
o) = nforallk=0,...,do. Taking into account that pg(x,0) = 1 and po(x, k) = xj if
1 <k <d,wehave

x® = (1,x) e R x R
Since, for { = 1,...,L, ®, = N and K,(-,n) = e,,_1 where {e, },eN is the canonical
base of X; = £>(IN), up to a permutation, V(©) is the identity and the claim follows. [J

The above result shows that deep neural networks with finite width at each hidden
layer are optimal, in the sense that they are solutions of empirical risk minimization over
neural RKBS. Moreover, it provides an upper bound on the network width depending
on sample size and input/output dimensions. Finally, it shows that the regularization
norm is controlled by the ¢! norm of the £> norms of the weights of the network.

7. CONCLUSIONS AND FUTURE WORK

Studying function spaces defined by neural networks provides a natural way to
understand their properties. Recently, reproducing kernel Banach spaces have emerged
has a useful concept to study shallow networks.

In this paper, we take a step towards more complex architectures considering deep
networks. We allow for a wide class of activation functions and remove unnecessary low
rank constraints. Our main contributions are defining classes of neural RKBS obtained
composing vector-valued RKBS and deriving corresponding representer theorems
borrowing ideas from [22].

Future developments include considering more structured architectures, for example
convolutional networks, as well as investigating the statistical and computational
properties of neural RKBS. Moreover, finer characterizations of the Banach structure
could be obtained using the specific form of the activation function and the functional
properties that this induces (see [22] for the ReLU).
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APPENDIX A. SPARSE SOLUTIONS TO FINITE-DIMENSIONAL VARIATIONAL PROBLEMS

The key ingredient to establish our representer theorem is given by a powerful
variational result proved in [7]. This result deals with general minimization problems
with finite-dimensional constraints and seminorm penalization. It states that such
problems admit sparse solutions, namely finite linear combinations of extremal points
of the seminorm unit ball. We report the formal statement below, after recalling the
definition of extremal point.

Definition A.1 (Extremal point). Let Q be a convex subset of a locally convex space. A point
g € Q is called extremal if Q \ {q} is convex, that is, there do not exist p,r € Q, p # 1,
such that q = tp + (1 — t)r for some t € (0,1). We denote the set of extremal points of Q by

Ext(Q).
Theorem A.2 ([7, Theorem 3.3]). Consider the problem
argmin F(Au) + G(u), (27)

uel
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where U is a locally convex topological vector space, A : U — H is a continuous, surjective
linear map with values in a finite-dimensional Hilbert space H, F : H — (—o0, 4-00] is proper,
convex, coercive and lower semi-continuous, and G : U — [0, 4+00) is a coercive and lower
semi-continuous norm. Let By (1) denote the unit ball {u € U : G(u) < 1}. Then has
solutions of the form

K
Z CrUg,
k=1
with u € Ext(By(1)), ¢k >0, K < dim H, and Y'X_, ¢ = G(u).

Theorem is a simplified version of [7, Theorem 3.3], where G is only assumed to
be a seminorm.

In view of Theorem[A.2] in order to determine the form of sparse solutions we need to
characterize the set of extremal point of the unit ball in U. In our construction of integral
RKBS, U is the space of vector measures with total variation norm. The following result
provides the desired characterization for our case. It appears in [33] assuming that © is
compact, but the proof works analogously when @ is locally compact. We report the
proof for the reader’s convenience.

Lemma A.3 ([33, Theorem 2]). Let © be a locally compact, second countable topological space,
and let Y be a Banach space. Then

Ext(By(o,y)(1)) = {y- s : ¥ € Ext(By(1)),0 € ©}.

Proof. Let us denote E = {y-dp : y € Ext(By(1)),0 € ®}. We start showing that
Ext(Ba((1)) C E. Suppose that u € Ext(By(1)) but pt # y - 6g for any y € Ext(By(1))
and 0 € ©. Then |u| # dy for any 6 € O, and thereis A € B(®) such that 0 < [u[(A) <
1. Denote by x 4 the indicator function on A. Then, setting t = |u|(A), 1 = pxa/t and
Ha = pxe\a/ (1 —t), we can write y as a convex combination

p=tug + (1 —t)uo. (28)

Since t € (0,1) and p1, 2 € Br((1), we get that u & Ext(Ba(1)), leading to a contra-
diction. We now show the converse inclusion E C Ext(Ba4(1)). Let 4 = y - §g for some
y € Ext(By(1)) and 0 € ©. Suppose there are t € (0,1) and p1, y2 € Bag(1) such that
(28). We want to show that necessarily yy = pp = u. Consider the subspace

Z={z-6:z€)},
and let P: M(©®,Y) — Z be the projection onto Z defined by
Pv=v({6}) - .
By definition of total variation, for every v € M(©,)) we have
[vlitv = [[Pvllry + [lv = Pvllrv,

while the converse bound is simply true by triangle inequality, hence

ity = [[Pvilrv + v = Pvliv. (29)
Note that y € Z and thus Pu = u. Hence, applying P to (28) we obtain
p=1tPui+ (1—1t)Pus. (30)

Now, consider the unit ball in Z,
Bz(l) = {Z 0z € By(l)}
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Then u € Ext(Bz(1)), and Pu; € Bz for i = 1,2. Therefore, looking back to we
must have Py; = y, and in particular || Pu;|tv = ||#||rv = 1. Moreover, ||p;]ty < 1
since y; € Bp(1). Thus, applying tov = p; we get ||i; — Puilltv = 0, hence
#; = Pu;, which in turn implies y; = u, concluding the proof. [

The following lemma is contained in the proof of [22, Theorem 3.2]. It allows to reduce
a minimization problem over compositional functions to a sequence of interpolation
problems with respect to a generic minimizer. Since we found it of independent interest,
we thought to emphasize it in a separate lemma.

Let L be a positive integer. Take a set Xy and Banach spaces &7,..., X711. For
each ¢ = 0,...,L, fix a Banach space H, of functions from X, to X;;;. To every

f=fo® - & fL € ®F_yHy, recall that AP : Xy — A7 is defined as
fdeep:fLo...QfO_

Lemma A.4. With the above setting, fix a family x1,...,xN € Xy and set

L
A:PH RN, A(f)i = f2P(x).
=0

For F: RN — (—o0, +00], consider the minimization problem

L
inf  F(A(f))+ ) [lfell, (31)
fEDi—o He (=0

Assume that B1)) has a solution f* = ©F_ off , and denote x(o) = x; and x (1) = f/(x ( ) )for
€ =0,...,L. Then there exists a minimizer f = ®L i—0 foof (31) such that forall¢ =0,...,L
the functzon fy is the solution of

inf || fo||3, subject to fg(xl@) = xf”l), i=1...,N, (32)
feeH,

and | foll, = 11£7 112,

Proof. Let f be a solution to (32). The solution f* satisfies the constraints fg(xi(g)) =
(Hl) , hence ||ff||7-lé < |If/ll%, and fg( i) = f/(x;) foralli = 1,...,N. This implies
213 OHfEHHg <Ybo i, and A(f) = A(f*), so that

)+ Z 1fell, < FLA(F)) + Z 177 2,

But since f* is a minimizer, so is f and ||fg||7.[£ = |1 £/ 2, O

Remark A.5. We stress that the set {xlw 4 =1,...,L+1,i =1,...,N} defining the
constraints in the problem depends on the choice of the minimizer f* = ®%_.f, of the
problem (31), so that there is some freedom to choose the points.

The next lemmas are needed to establish continuity in the setting of our representer
theorem[5.3] A continuity result akin to Lemma is also needed for the proof of [22,
Theorem 3.2]. We remark that, in order for the argument to go thorough, joint continuity
is required, while the proof in [22, Theorem 3.2] only establishes separate continuity.

The final result remains valid since joint continuity holds true nevertheless. This can be
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seen as a special case of our Lemma where the last steps can be simplified in view
of the fact that, in finite-dimensional spaces, weak and strong continuity coincide.

Lemma A.6. Let X be a set, Y a Hilbert space, and © a locally compact, second countable
topological space. Let p : X x ® — R such that p(x,-) € Co(©) for all x € X, and define

(x) 1 M(©,) — Y by
pm = [ px,0)du0), xeX, peM@,)

Then, for all x € X, ¢(x) is continuous from M(®, Y) endowed with the weak™ topology to Y
endowed with the weak topology.

Proof. Note that, since ) is Hilbert, the Riesz representation theorem says that M (®, )) =
Co(©,Y)". Now, forallx € X, u € M(0,Y) and y € Y, we have
(), y)y = cy@) (%, )y, 1) mo,y)-

Thus (¢(x)-, y)y defines an element of the predual Cy(®, )), and hence it is weakly*
continuous from M(©®,)) to R. But since this is true for all y € ), it is weakly*
continuous from M(®, )) to Y endowed with the weak topology. O

The following known result is a direct consequence of Prokhorov theorem. We report
the proof for completeness.

Lemma A.7 (Joint dominated convergence theorem). Let ©® be a Polish space. For all
neN,let Ay € M(®)and f, : ® — R continuous functions satisfying the following
conditions:

(i) for each n € IN, the function f, is A, integrable;
(ii) the sequence (fy)n converges to some f : @ — R uniformly on all compact sets;
(iil) the sequence (fu)n is uniformly bounded;

(iv) the sequence (M), converges to some A € M (®) with respect to the narrow topology,

ie.
Jim [ p(0)dn(6) = /@ 9(0)dA(0), Vo € Cy(®);
(v) the function f is A-integrable.

Then
/@ Fa(8)dAn(8) — /@ £(0)dA(8).

Proof. For any compact K C ©, we have

[ fu(@)d(e) - /®f<e>om<e>]

<| @ = renarie)| « | [ 56) = r@nari(o)| +
n /@ £2(0)dA(6) — /@ F(0)dAn(6)

[ )= senare)

<sup fy = fI4I(K) +supl i = F1ILIO\K) + | [ (1(6) - £(0)aA()
K (C)

O\K
+ '/@fn(e)d)\(e) — /@f((’)d/\n(f))‘,
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The first term goes to zero because f, — f uniformly on K and, since (A,), is con-
vergent, |A,|(K) < [A,4|(®) < sup,, ||[An]|tv < oo. The third term goes to zero by
dominated convergence since (f, — f), is uniformly bounded. The last term goes to
zero since both terms converge to the integral [ f(6)dA(6) as n — co: the first term
by the dominated convergence theorem since (f,), is uniformly bounded, and the
second term by hypothesis (iv) since f € Cp(®) as uniform limit on compact sets
of a uniformly bounded sequence of continuous functions. For the second term, fix
an arbitrary ¢ > 0. Again, (f, — f)x is uniformly bounded. Moreover, since (A,), is
convergent and O is Polish, by the Prokhorov theorem [6, Theorem 8.6.2] there is a
compact set K, C © such that |A,|(® \ K¢) < ¢ for all n. By taking K = K, we get

[ f@arae) - [ rorarie)| < (sgp sup |fs(6) —f(9)|) 2

The claim follows because € is arbitrary. O

lim sup
n—oo

Lemma A.8. Let Xj be a set, X1, X» separable Hilbert spaces, and ®g, ®1 locally compact,
second countable topological spaces. For { = 0,1, let py : Xy x @y — R be such that
pe(x,-) € Co(Oy) forall x € Xy, and define ¢py(x) : M(Oy, Xpi1) — Xypyiq by

Po(x)p = /@Z pe(x,0)du(6), x€ &,  peM(OyX ).

Assume there are C > 0, ¢ € Cp(©1, A1) and B € Co(®1) such that, for all x,x" € Xy and

0 e @1,
lo1(x,0) — p1(x',0)| < Cl(x —x, 8(0)) x,1|B(6). (33)
Let ro,r1 > 0. Then, for all x € X, the map

Ta(p,v) = ¢r((po(x)p) v

is jointly weakly™ continuous from B @, x,)(70) X Brg(e,,xy) (r1) to Xa endowed with the
weak topology.
Proof. By the Banach-Alaoglu theorem, the product B = B y(g,,x,)(70) X Buyg(e,,4,)(71)
is compact. Moreover, since Xy, (¢ = 0,1) is separable, so is Cy(®y, Xy, 1) by the
Stone-Weierstrass theorem. Also, X, is Hilbert, hence M(©®,, Xy,1) = Co(Oy, Xp11)’
by the Riesz representation theorem. Therefore, B is metrizable [24, Theorem 3.16].
Thus, it is enough to prove the (weak*-weak) sequential continuity of T'y.

To this end, let (pn,vn) — (u,v) (weakly*). We want to show that I'x(pn, vy) —
I'y(p,v) (weakly). We have

Ta(ptn,vn) = T, v) = [91(Po(x)n) — @1(o(x)p)]vn + P1(¢o (X)) (v = v) -

The second term goes to zero by Lemma Let us call 7 the first term, and let
zn = ¢o(X)n, z = Po(x)p. For all y € X, by assumption we have

(Z,y) x| </ |01(20,8) — 01(2,6)|B(0)[d] [valy[ (6)

<C [, Iten =250 |BO)Id] vl (0),

where [vy]y(E) = (va(E),y)x, for all E € B(©1). We want to apply Lemma [A.7] with
fn(8) = [(zn — 2,8(0)) x,| and A, = |B||[vn]y|, so to conclude that [(Z, y) x,| — O.
First, let us verify that (f,;) is uniformly bounded. We have
fu(0) < llzn — 2]l 2, [18(0) |2, < sup [|zn — z[| 2, (|8 o
n
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where sup,, ||z, — z||x, < oo because (z, — z) is convergent, and |||l < o by as-
sumption. Next, we show that (A,) converges pointwise on C,(01). Let A = |B]|[v]]
where [v],(E) = (v(E),y)x, forall E € B(®;). Then, for every h € C;(®;) we have
h|B| € Co(®1), and hence, since [v,], — [v], pointwise on Cy(©1),

J,, 1O)aA0) = [ 1) |B@Idlualy(0) = [ O)|BOId(0) = [ h(O)aA)

Finally, we show that f, — 0 uniformly on compact sets. Let K C ©; be compact, and
fix an arbitrary ¢ > 0. Since g is continuous, g(K) is compact in &}, and thus it can
be covered by a finite number of closed balls of radius ¢. Let wy,...,w; € &7 be the
centers of such balls, and define P : X; — & as the projection onto span{wy, ..., w,}.
Then sup,,c. k) [w — Pwl|x, < e. Hence, for every 6 € K there is w € PA} such that

1g(0) — w|| x, < e. Thus, we have

|fu(0)] = [{zn — 2,8(0)) x|
< [(zn —2,8(0) —w) x| + |(P(zn — 2), w) x, |
< |lzn —z||2,[18(0) — wl|x, + [[P(zn — 2) || 2, [|w]| 1,
< lzn —zllx,18(8) — wllay + 1P(zn — 2) | 2, (18(6) —wllx, + 18Ol ;)
< lzn — zllaye + [[P(zn — 2) || 1, (e + lI8leo) -

Now, since z, — z weakly, sup, ||z, — z||x, < o0, and ||P(z, — z)|/x, — 0 because P
has finite rank.

All the assumptions of Lemma are therefore satisfied, and its application con-
cludes the proof. O

Remark A.9. In the framework of deep integral RKBS, the above lemma states that the
evaluation functional at a fixed x € X

(1,v) = ful(fu(x))

is jointly weakly™ continuous from B @, x,)(70) X Brq(e,,xy) (r1) to Xa endowed with the
weak topology. The proof for L = 2 can be easily extended to cover the case L > 2.
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